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EQUILIBRIA OF AN AGGREGATION MODEL WITH LINEAR DIFFUSION IN
DOMAINS WITH BOUNDARIES

DANIEL A. MESSENGER AND RAZVAN C. FETECAU

ABSTRACT. We investigate the effect of linear diffusion and interactions with the domain boundary on swarm
equilibria by analyzing critical points of the associated energy functional. Through this process we uncover
two properties of energy minimization that depend explicitly on the spatial domain: (i) unboundedness from
below of the energy due to an imbalance between diffusive and aggregative forces depends explicitly on a
certain volume filling property of the domain, and (ii) metastable mass translation occurs in domains without
sufficient symmetry. From the first property, we present a sharp condition for existence (resp. non-existence)
of global minimizers in a large class of domains, analogous to results in free space, and from the second
property, we identify that external forces are necessary to confine the swarm and grant existence of global
minimizers in general domains. We also introduce a numerical method for computing critical points of the

energy and give examples to motivate further research.
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1. INTRODUCTION

We consider minimizers of the following nonlocal and non-convex energy functional:

£l = /D /D K(z — y) du() dp(y) + v /D log(p(x)) dyu(x) + /D V(@) du(z), (1.1)

for measures p that are absolutely continuous with respect to the Lebesgue measure (p denotes the density
of 1) and for general domains D C R? with smooth boundary. Here, K and V represent interaction and
external potentials, respectively, and v > 0 is the diffusion parameter.

Minimizers of the energy £ relate to equilibria of the aggregation model with linear diffusion,

0

D9 o) = v, reD

<n(x), Pt (x) v (x) + VVpé’(x)> =0, x€9ID (1.2)
1y|,_o = 1o € Pa(D),

where p} is the density of uf, v¥ denotes the swarm velocity
V(@)= = [ VKo=) dif(s) = V(o) (1.3)

and n(x) denotes the unit outward normal to dD at x. Specifically, weak-measure solutions of (1.2) are
2-Wasserstein gradient flows of £” on the space Pa2(D) of probability measures with finite second moment

[1, 18], such that steady states of (1.2) correspond to critical points of £¥.
1
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Aggregation-diffusion models of type (1.2) and their associated energies of the form (1.1) (with or without
diffusion) appear in many phenomena, including biological swarms [38, 35], granular media [17], self-assembly
of nanoparticles [30] and opinion dynamics [10]. In such applications the linear diffusion can model anti-
crowding, locally repulsive interactions, or it can be the result of Brownian noise included in the model. On
the other hand, the potential K models nonlocal social interactions such as attraction and repulsion between
the members of a group (e.g., individuals of a biological swarm). There has been extensive research on various
aspects of this model, with the vast majority of these works being concerned with the model set up in free
space (D = R%). We will briefly review below some of this literature.

In the absence of diffusion, the study of the evolution model in free space has been a very active area
of research recently [7, 8, 35, 24, 14]. The behaviour of its solutions relies fundamentally on the nature
and properties of the interaction potential K. Consequently, attractive potentials lead to (finite or infinite-
time) blow-up [7, 31], while balancing attraction and repulsion can generate finite-size, confined aggregations
[29, 35]. The model with diffusion has an extensive literature of its own; we refer here to [17, 18] for
comprehensive studies on well-posedness of solutions to this model using the theory of gradient flows in
probability spaces [1], and to [30, 32] for studies on equilibria of the diffusive model with applications to
aggregation/collective behaviour.

Critical points of the interaction energy (1.1) (or equivalently, equilibria of the dynamic model) have been

studied in various papers recently. For the case v = 0, existence of global minimizers has been established

in [19, 12, 20, 41], while qualitative properties such as dimensionality, size of the support, symmetry and
stability have been investigated in [2, 3, 35, 29, 28]. A provoking gallery of such minimizers is presented for
instance in [33]; it contains aggregations on disks, annuli, rings, soccer balls, and others. In the presence

of diffusion (v > 0), the focus is the competition between local repulsion effects (diffusion) and nonlocal
attractive interactions that provides existence (or lack of) energy minimizers. This delicate balance of such
forces was recently investigated by Carillo et al. in [13] for the case of free space; this work is central to our
paper and we will return to it frequently throughout.

Our main interest in this paper lies in domains with boundaries, which are very relevant to many realistic

physical settings (e.g., the boundary may be an obstacle in the environment, such as a river or the ground;

the latter arises for instance in the locust model from [42]). Equilibria for the aggregation model without
diffusion in domains with boundaries have been studied in [6], while the well-posedness of its solutions (in
the probability measure space) has been established in [16, 44]. Also, in a recent study [20], the authors

identified a flaw of the aggregation equation with zero diffusion in domains with boundaries: its solutions
can evolve into unstable equilibria. This is a surprising degeneracy of model (1.2) without diffusion, given
that it has a gradient flow formulation. From this perspective, adding diffusion can be seen as a regularizing
mechanism [22, 45, 25].

We also mention that there has been extensive work on aggregation models with repulsive effects modelled
by nonlinear diffusion (see for instance [4, 15] and references therein). The two modes of diffusion (linear
vs. nonlinear) result in different features of equilibria/minimizers of the associated energy. In particular,
nonlinear diffusion models admit compactly supported equilibria[ll, 10, 15], in contrast with equilibria for

linear diffusion which can only have full support within the domain (see Section 3 of the present paper).
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Another important distinction is that the linear diffusion model has an underlying particle system associated
to it (modelled by Brownian motion), while nonlinear diffusion does not, making the former more flexible in
terms of numerical simulations [25].

We discuss now the organization and the contributions of the present paper. Notation and assumptions
are introduced in Section 2. In Section 3 we establish some useful properties of critical points of the energy
£”, including a new energy argument showing that minimizers p satisfy supp (p) = D. Section 4 contains a
brief review of various results in free space established in [13], while Sections 5 and 6 present our results on
energy minimization in domains with boundaries.

In Section 5, we identify two primary phenomena which lead to non-existence of global minimizers of £
and depend on properties of the spatial domain. The first non-existence phenomenon (discussed in Section
5.1) involves an imbalance of diffusive and aggregative forces and is analogous to non-existence results for
free space found in [13]. An interesting novelty of our study, however, is that we find that non-existence as a
result of diffusion-dominated spreading depends on the effective volume dimension of the domain (defined in
Section 2) which informally describes the number of orthogonal directions in the domain which independently
extend to infinity.

The second non-existence phenomenon (presented in Section 5.2) is a result of asymmetries within D
and involves metastable translation of the swarm under diffusion-mediated repulsion from the boundary 9D.
This phenomenon rules out the existence of minimizers in the absence of an external potential (V' = 0) for
large classes of unbounded domains. Specifically, the necessary condition in Theorem 5.3 for critical points
implies that if the domain is not suitably symmetric, arbitrarily large attraction at infinity (e.g., an attractive
potential such as K(z) = |x|P/p with p large) cannot contain the swarm regardless of how small the diffusion.
Non-existence of this type necessitates the use of an external potential V' to confine the swarm, in contrast to
results in free space, where existence of minimizers for V= 0 is guaranteed for sufficiently strong attraction
at infinity [13].

Section 6 is devoted to the existence of global minimizers in light of the phenomena discussed in Section 5.
Theorem 6.1 establishes a sharp condition for existence in domains of type D = F x R?~™ with an effective
volume dimension of d — m, where F' C R™ is a compact m-dimensional set with 0 < m < d. This result
serves as a generalization of the sharp existence condition in free space established in [13]. Theorems 6.3
and 6.4 then provide sufficient conditions for existence in general domains with boundaries, which involve
establishing a minimal set of requirements on V for confinement, in light of the metastable translations
discussed in Section 5.2 that occur when V = 0.

Finally, in Section 7 we discuss some of the findings in the previous sections through numerical examples
of critical points computed using a fixed-point iteration scheme with relaxation. We illustrate both purely
attractive and attractive-repulsive interaction potentials, with the latter featuring non-uniqueness of critical

points.

2. PRELIMINARIES AND ASSUMPTIONS

In this section we provide some preliminaries and background, as well as list the assumptions we make on

the potentials and the domain.
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Notations. Let B? denote the Borel o-algebra on R%. For A € B, |A| denotes the volume of A (with respect
to the Lebesgue measure) and 14 represents the indicator function of A. Let Br(x) denote the d-dimensional
Euclidean ball of radius R centred at # € R?. For D € B%, let P(D) denote the set of Borel probability
measures on D and P%(D) C P(D) the set of absolutely continuous measures with respect to the Lebesgue

measure. For € P(D), z € R? and v € R, define the v** moment of y centred at x as

M) = [ =l du(o), (2.1)
with
M, (p) := M3 (p), (2.2)

and the centre of mass of u by

C(p):= /Da?du(x). (2.3)

Remark 2.1. Throughout, we will often refer to an absolutely continuous measure directly by its density p,

and by abuse of notation sometimes write p € P*°(D) to mean dp(x) = p(z) dx.

Weak-* Relative Compactness and Tightness. We say that a sequence {ji,},,~, C P(D) converges

weakly-* to p € P(D) and write p,, — pu if for every bounded continuous function f : D — R we have

tim [ f(a)din (o) = /D £() dpu(z).

n—oo
A collection of measures F C P(D) is said to be weakly-* relatively compact if for every sequence {s,},~, C
F there exists a subsequence {fy, };~, Which converges weakly-* to some p € P(D). A collection of measures

F C P(D) is said to be tight if for every ¢ > 0 there exists a compact set K. C D such that
n(KS) <e
for every p € F, where K¢ denotes the complement of K, within D (i.e. K¢ = D\ K.). Recall that weak-*

relative compactness and tightness are related by Prokhorov’s Theorem:

Lemma 2.1. (Prokhorov’s theorem [9, Chapter 1, Section 5]) A collection of measures F C P(D) is weakly-*
relatively compact if and only if it is tight.

The p-Wasserstein Space. For p € [1,00), define the space
Pp(D) = {n € P(D): My(n) < +o0}, (2.4)

where M, (1) is defined (2.2). The p-Wasserstein distance on P, (D) is then

wnn = (e ([ i) = (o fEx-v)) e

where A(u, 1) is the set of joint probability measures on D x D with marginals p and 7, also known as
transport plans, and (X,Y’) ranges over all possible couplings of random variables X and Y with laws p and
7, respectively.

Recall that for each p € [1,00) the metric space (P,(D),W,) is complete and convergence in (P,(D),W,)
is equivalent to weak-* convergence of measures. We also have the following useful upper bound on W, (u,n)

in terms of the total variation measure d|u — 7|:
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Lemma 2.2. [43, Ch. 6] For all p € [1,00), any xo € D and p,n € Pp(D),
W) <207 [ o — ol = nl(a).
We refer readers to the books [1, 43] for further background on p-Wasserstein spaces.

Associated Energy. The energy functional (1.1) can be written as:

E¥[u] = Klp] + vS[p] + Viul, (2.6)

where K, § and V are referred to as the interaction energy, entropy and potential energy, respectively, and

are defined for all p € P(D) by:

Kl = /D /D Kz — y) duly) du(z), (2.7)

B /D p(z)log(p(x)) dx, if p € P*(D) with du(x) = p(z) dz,

Slu] == (2.8)

00, otherwise,
and
Vi = [ Vi) dnto). (29)
In this way, the energy £ is defined on the entire space P(D), but takes the value +0o on measures which
are not absolutely continuous.
Extrema of £ are defined as in [13]: for » > 0 we define a W,-r local minimizer of £” to be a measure p
such that
E[pl < &[] forall neB,(pr), (2.10)

where B, (p,r) is the ball of radius r in P,(D) centred at p. A W,-r local maximizer is defined analogously
by reversing the inequality. In what follows, we will use the terms minimizer, maximizer or extremizer in

reference to condition (2.10) whenever the W, metric has been established.

Remark 2.2. In light of the definition of the entropy (2.8), whenever a global minimizer p of £ exists, it
follows that p € P2(D), as one can always find a measure p € P%(D) for which £¥[u] < 400 (e.g. for a
compact, d-dimensional set F' C D, the energy £¥ {ﬁ ]lp} is finite).

Assumptions. Throughout we will make the following minimal assumptions about potentials K and

V, and the spatial domain D.

Assumption 1 (Potentials).
(i) (Local integrability) K,V € L}, (R%).

loc
(ii) (Lower semicontinuity) K and V are lower semicontinuous.

(iii) (Symmetry of K) K(z) = K(—x) for all x € R4,

Assumption 2 (Domain).

(i) (Domain topology) D € B? is closed, connected, and satisfies |D| > 0.
(ii) (Boundary regularity) There exists a unique outward normal vector n(z) associated to almost every

x € 0D.
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Effective Volume Dimension. As we will show in Theorems 5.1 and 6.1, the following property is a crucial
component of the asymptotic upper bound on K below which diffusion dominates and infinite spreading
occurs, leading to non-existence of global minimizers of £“. Moreover, in domains of the form (2.14) below,
this asymptotic bound is sharp.
For D € B? define the function
V,(r) = sup |D N B.(z)]|. (2.11)

xzeD
We then define the effective volume dimension f, of D by

fo = sup{s eER :V,(r) 2 r° as r— o } (2.12)
Consequently, for some C' > 0 and r’ > 0,
Vo(r) > Crfo forall r>1'; (2.13)

moreover, f, is the largest value such that (2.13) holds. In words, the largest volume of D intersect a ball
of radius r grows proportionally to 7. In this way, f, € [0,d] and f, = 0 if D is bounded. For intuition in
three dimensions, example domains with f, = 1 and f, = 2 are an open right cylinder and the space between
two infinite parallel planes, respectively.

In Theorem 6.1 we consider domains of the form
D=FxR4&™, (2.14)

where F' is a compact subset of R™ for some m € {1,...,d — 1} and satisfies |F/| > 0. In this case, D has

effective volume dimension f, = d — m. To see this, note that
Vp(r) <|F|(2r)" ™,

and letting H9~™ denote a (d — m)-dimensional hypercube of side-length a, for r > @diam(F) we have

2 d—m
Vp(r) > |F x HS ™| = |F| [ —=r .
o(r) 2 | x T = 171 ()

Together this implies V,(r) ~ Cré=™ as r — oco. In this way, f, is exactly the number of orthogonal

directions in D which independently extend to infinity.

3. CRITICAL POINTS OF THE ENERGY

Interaction energies of type (1.1) (with or without linear/nonlinear diffusion) have been studied extensively
in free space (D = R9). It is well known that critical points of the energy £ in free space satisfy the Euler-
Lagrange equation (3.3) given below. This equation had been derived in various papers, we refer for instance
to [2] for a derivation using the Wy metric for £ without diffusion, and to [13] for interaction energies with
general diffusion under the W, metric. We include a derivation of (3.3) here under general W, metrics over
general domains D, for lack of a direct reference, using the techniques in [2] and [13].

First, we highlight in Theorem 3.1 the property that minimizers of £ for every v > 0 are supported on
the whole domain D. This is briefly mentioned in [13] for free space and is justified by the authors using

the Euler-Lagrange equation. As there is no reason a priori why in general domains D a minimizer p should
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simultaneously satisfy the Euler-Lagrange equation and have supp (p) = D, we present a proof of Theorem

3.1 without the Euler-Lagrange equation.

Theorem 3.1. [Minimizers have full support] Let Assumptions 1 and 2 hold. In addition, assume that there
exist constants pg > 0, Rx > 0, and Cx > 0 such that

0 < K(z) < Cklz|PX  forall |x|> Rk. (3.1)
If p € Pye(D) is a Wy-r local minimizer of E where p € [max {1,p, },o0], then supp (p) = D.

Proof. We proceed by contradiction. Let p be a W,-r local minimizer and assume to the contrary that
supp (p) € D. By definition, supp (p) is a closed subset of D, hence D \ supp (p) must have positive
Lebesgue measure. This implies that there exists a point xqg € dsupp (p) and § > 0 such that the set
A = Bs(zo) N (D \ supp (p )) has positive Lebesgue measure |A|. We now construct a measure n with
W,(p,n) < r such that £¥[n] < £¥[p], contradicting the assumption that 7 is a W,-r local minimizer of £¥.
Define

1
]]-Aa

n=(01-ap+ar
4]

where « € (0,1) will be picked in two stages.

First, using Lemma 2.2 we have

WE(p,n) < 20D /D & — [P dJp — 1| (z)

=20 (/ |z — 2o|? dp(x |A|/|m—x0pdx)

< 2071 (M20(p) + 67)

and so we choose

a <min{1, ST (MZZ( )+5p)} (3.2)

to ensure that W, (p,n) < r.
Next, we find an additional constraint on « to ensure that £[n] < £¥[p] by bounding terms in the energy.

For any = € R we have (1 — a)?z < x + 2a|z|, and so a direct calculation of the interaction energy yields the

bound
lC[n}—(la)zﬁ[p]+CW/[)<[qK(xy)dy> oz d:c+2|A|2//K y) dzdy

1
<l +a | 20l + o [ ([ G- |dy) pla) o+ 1K o

The integral I is finite independently of «, and hence so is the entire expression in parentheses, due to the

power-law growth (3.1) and local integrability of K together with the fact that p has finite p,-th moment.
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Indeed, fixing R > R, + 20, we partition the integral to get

- [ o ([ 1K= ldy) pla)as+ [ .- ([ 15t =l dy) plo)as

<oy [, el [ (el 407 de
(T Rz

5\« _
< N agion + Crlal (14 ) M52 9
which is finite. From this bound we have that for some C' > 0 independent of «,
K[n] < Klp] + aC.

For the entropy, since A N supp(p) = @ we have

St = (1= a) [ pla)lox((1 - ayp(o) do + 5 [ 1og (@) dr

=(1-a)Sp ]—i—(l—a)log(l—a)—i—alog(|A|)

<(1-a)Sp ]+alog<|A|>

=S[pl+a (5{ | +log <|A>)

Together this allows us to bound the difference in energy as follows:
1
E¥[n] — £ [p] <a(CuS[ ]+Vlog< ) Vol + — V(x)dx).
Al 1Al Ja
Now, choosing « such that
c 1 1
A —— o+ =V[p| — — d

o<l exp (= 450+ Vgl - o [ Vi),

along with the constraint (3.2), we see by the monotonicity of the logarithm that
£l < &"[pl.

Since n has lower energy than p and lives in the ball B, (p,r), p cannot be a W,-r local minimizer, giving us

the desired contradiction. Thus, the support of p must be the entire domain D. O

We now derive the Euler-Lagrange equation.

Theorem 3.2. [Euler-Lagrange equation] Let Assumptions 1 and 2 hold. Suppose thatp € PSC(D) is a Wy-r

local extremizer of EY for some p € [1, oo], Then there exists a constant A € R such that
K *p(z)+vlog(p(x)) +V(z) =X for p-a.e. z€D. (3.3)

Proof. Without loss of generality, assume p is a W,-r local minimizer (the case where p is a maximizer

follows similarly by reversing the following inequality). As in [13], it follows that

d
—&,n -2 >
dt&[ﬁt(n p)] Lz 0
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for all n € B, (p,r). From this a direct calculation then yields

/(K*ﬁ+ulog(ﬁ)+V)d772/ (K 7+ vlog(p) + V) do. (3.4)
D D

We now construct a suitably general 7 to deduce (3.3). Choose ¢ in L>°(D; p) N LY(D; p) and define

n:p+e(¢—/D¢dp>p,

where € will be chosen such that € B, (p,r). It is clear that (D) = 1. To ensure that 7 > 0 and hence

n € Pp(D), it suffices to pick € < ﬁ Another application of Lemma 2.2 gives

Wr(p,m) §2”‘1/Dlx|pdlﬁ—n|

— cop—1 Pld—
€2 /D|x| ¢ /Dmlﬁ‘dﬁ
< 2 |lgl|, M, (D).

Hence, W, (p,n) < r provided

< mi { rP 1 }

€ < min — ;
2? ([0l o Mp(p) " 219l

which guarantees that n € B, (p, ). Substituting n into (3.4) then gives us

/D (é_/[,‘bd”) (K #p+vlog(p)+ V) dp > 0.

The above calculations work for both ¢ and —¢, hence upon multiplying by —1 we find that

/D (ﬁf’/Ds‘bdp) (K %7+ vlog(p) + V) dp = 0.

Now, by setting ¢ = 1 for any Borel set B C supp (p) with p(B) > 0, we further have

7 [ Wlos@)+ K« V)dp = [ (wlox(p) + K -+ V) (35)

From this we deduce (3.3) by contradiction. Define
A@) 1= K +7(z) + vlog(p(x)) + V(2) (3.6)

and assume that A is not constant p-a.e. Then there exists A* € R such that the sets By = {A < A\*} and
By = {A > \*} satisfy p(B1) > 0 and p(Bz2) > 0. Using B = B; and B = By in (3.5) then gives us

AF > / A(z)dp and A < / A(z) dp,
D D

respectively, which is a contradiction, thus A must be constant p—a.e. This completes the proof. O
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Fixed-Point Characterization. The Euler-Lagrange equation (3.3) can be recast in the following way if the

critical point p satisfies supp (p) = D. Solving for p using the logarithm we have

1 <_K*p(m)+V(x))7

p(x) = —— exp -

Z(p)

where

14

2(2) = /D exp (-mp(mm) da. 3.7)

This motivates the following corollary which will be used below.

Corollary 3.1. Let p € P*(D) have supp (p) = D. Then p satisfies (3.3) if and only if p is a fixed point of
the map T : P(D) — P*(D) defined by

T(p) = Z(lm exp (—W) (3.8)

for Z defined in (3.7).
By integrating (3.3) against dp(z), we can also identify the constant A as
A= E[p) + K[| = —vlog (Z(7)).

In Section 7 we discretize (3.8) for numerical computation of critical points. We note that (3.8) has been used
in the literature, for instance by Benachour et al. in [5] to show existence of stationary states for associated

McKean-Vlasov processes on D = R.

4. REVIEW: EXISTENCE OF GLOBAL MINIMIZERS IN FREE SPACE

To exhibit the role played by domain geometry in determining existence of global minimizers, we briefly
review existence results in free space. In [13], the authors show that when D = R% and V = 0, existence of
a global minimizer is guaranteed as soon as the energy is bounded below. As we will show, this is not the
case in domains with boundaries.

Unboundedness from below of the energy is shown in [13] to correspond to an imbalance of diffusive and
aggregative forces. If local attractive forces are too strong with respect to local diffusive repulsion, then the
energy is lowered to —oo as the swarm aggregates onto a discrete set of points. It is shown in Theorem 4.1

of [13] that if

liminf VK (z) - z > 2dv, (4.1)
|z|—0
then such aggregation-dominated contraction occurs and inf £ = —oco. Condition (4.1) is shown to imply

that
K <2dvlogl|x| as |z]| =0,
hence aggregation-dominated contraction may occur unless K is well-behaved at the origin; in particular K
cannot have a singularity at the origin worse than logarithmic.
If diffusion is too strong with respect to long-range attractive forces, then minimizing sequences of £¥
vanish as diffusion causes infinite spreading of the swarm throughout the domain. For linear diffusion,
Carrillo et al. [13] show that existence of global minimizers of £” in free space for V' = 0 corresponds to

the following conditions on K, v and the dimension d, which prevents both diffusion-dominated spreading
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and aggregation-dominated contraction. Let K satisfy Assumption 1 and be positive and differentiable away
from the origin. If K satisfies
limsup VK (z) - x < 2dv, (4.2)

|z|— 00

then £¥ is not bounded below and a global minimizer does not exist. Alternatively, if

liminf VK (x) - x > 2dv, (4.3)

|z|— o0

then £ is bounded below and there exists p € P(R?) such that
E¥(p) =inf & > —c0.

By requiring K to be positive, the condition (4.1) is (sufficiently) prevented and aggregation-dominated

contraction cannot occur. In addition, the constraint (4.3), shown in [13] to imply
K(z) Z 2dviog|x| as |z| — oo, (4.4)

prevents diffusion-dominated spreading by requiring that K grows at least logarithmically as |z| — oo.
Moreover, by inspection of condition (4.2), we see that condition (4.3) is sharp.

In summary, in free space, if the two force-imbalance pathologies of diffusion-dominated spreading or
aggregation-dominated contraction are prevented, then the energy is bounded below, which immediately im-
plies existence of a global minimizer. Moreover, condition (4.3) for preventing diffusion-dominated spreading
is sharp.

In domains with boundaries, unboundedness from below of the energy due to aggregation-dominated
contraction occurs under the same condition as in free space, (4.1), while diffusion-dominated spreading
occurs under a condition analogous to (4.2), only with dependence on the effective volume dimension f,
instead of the dimension d. Moreover, we will see that such conditions for spreading are sharp in the class of
domains defined by (2.14). In addition, we find that boundedness from below of the energy is not enough to

grant existence of a global minimizer when the domain is not suitably symmetric.

Remark 4.1. Requirements on the interaction potential K for existence or non-existence of global minimizers
of £ are presented in Theorems 5.1, 6.1, 6.3 and 6.4 in the form of asymptotic relations similar to (4.4)
which provide a more explicit characterization of K than (4.3); however, we could have equivalently worked

with conditions such as (4.3) involving VK.
The following lemmas from [13] will be used in the existence proofs in our paper.

Lemma 4.1. [13] Assume that K and V are both lower semicontinuous. Then EY is weakly-* lower semi-

continuous, in that for any sequence {pn},>q C P(D) such that i, X e P(D), it holds that

liminf £ [u,] > E¥[p].

n— oo

Lemma 4.2. (Logarithmic Hardy-Littlewood-Sobolev (HLS) inequality [13, Lemma 2.6]) Let p € P*(RY)
satisfy log(1+ |- |2)p € L*(R?). Then there exists Cy € R depending only on d such that

- / / tog(ls — y)p(w)oly) d dy < - / pla)log(p(x)) d + Co. (4.5)
R4 JR4 R4



12 DANIEL A. MESSENGER AND RAZVAN C. FETECAU

Lemma 4.3. [13, Lemma 2.9] Let K (z) € L}, .(R?) be positive, symmetric and satisfying

loc

lim K(x) = +4o0.

|z| =00

Given a sequence {jin},~, C P(D), if

n—oo

lim inf/ K(z —y) dun(x) duy (y) < oo,
Re JRA
then {fin}, o C P(D) is weakly-* relatively compact up to translations.

5. NON-EXISTENCE OF GLOBAL MINIMIZERS: DOMAINS WITH BOUNDARIES

In this section we investigate various possible scenarios when global minimizers of the energy cannot exist.
First we treat the force-imbalance pathologies from free space which could make the energy unbounded from
below. We then introduce a new non-existence phenomenon which results entirely from asymmetries in the

domain and only occurs in domains with boundaries.

5.1. Imbalance of Forces. In comparison with the spreading case in free space (4.2), the following result
gives a relation between the diffusion parameter v, the interaction potential K and the effective volume
dimension f, (as opposed to the dimension of the space d) which guarantees non-existence of ground states

of £ in the form of diffusion-dominated spreading throughout the domain.

Theorem 5.1. [Non-existence: diffusion-dominated regime] Let Assumptions 1 and 2 hold with V =0 and f,
defined by (2.12). Then the energy E” is not bounded below on P(D) provided there exists §o with 0 < 6y < 1,
Co € R and Ry > 0 such that

K(z) <2(1—0p)fovlog|z| + Co, for all |x| > Ry. (5.1)

Proof. We will explicitly construct a sequence of measures which sends the energy to —oo by exploiting
properties of the effective volume dimension. The supremum in the function V,, (r) defined in (2.11) implies

that for every n € N there exists z,, € D such that
1
V,(n) > |D N By(z,)| > §VD (n).

Define the sets D,, := D N B,,(z,) and the sequence of probability measures

1
| Dal

We first bound above the interaction energy of p,, for n > Ry:

1
K:[Mn]_ 2|Dn‘2 /Dn /Dn K(ﬂc—y)dydw
1

- K(x—y)dy+/ K(z—y)dy| dx
2|D,, |2 /n [/;ntRo(I) DnnBg ()

.
2|Dn|

1l + 1900 By | (200 = o) o tos(20) + )|

< (1 — o) fovlog(n) + Cy
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where
1

2D

Using the characterization (2.13) of the effective volume dimension, for n > r’ we have

~ 1
Ch I £t (5 g (0y) + (1 = 00) for10g(2) + 5 Co.

1 C
1Dl > 5V, (0) = Sl

and so the entropy of p, for n > 7’ is bounded above as follows:

C C
Slia] = =108 |D,] < ~10g (G ) = ~fytog () ~ 1o ().

Hence, for n > max { Ry, '}, the total energy of u,, satisfies
~ C ~
E'ln] < (1= bo)fovlog(n) — fovlog (n) + Gy — vlog (2) = Goforlog(n) + G,

for C € R. Hence, lim,, o £¥[pn] = —o0, which concludes the proof. O

The interpretation of Theorem 5.1 is that if attraction forces are too weak (at large distances), then
diffusion dominates and spreading occurs. In free space (D = R9), the result is consistent with that derived
by Carrillo et al. in [13] since f, = d. In more general unbounded domains the relevant factor in the
logarithmic bound (5.1) includes the effective volume dimension, more specifically the product f,v. With the
interpretation that the effective dimension specifies the number of orthogonal directions that independently
extend to infinity in D, the factor f,v suggests a minimal balance between the diffusion v and the number

of directions f, in which mass can escape to infinity, so that a global minimizer can exist.

Remark 5.1. As mentioned in Section 4, non-existence due to aggregation-dominated contraction occurs in
domains with boundaries under the same conditions as in free space (i.e. condition (4.1)), since contraction

to a point can occur in any domain D € B¢ satisfying |D| > 0.

5.2. Escaping Mass Phenomena. As mentioned above, boundedness from below of the energy is not
sufficient to guarantee existence of a minimizer in domains with boundaries. To begin this discussion, we
present the following theorem, where (4.3) is clearly satisfied, hence inf £¥ > —o0, yet no energy minimizer

exists.

Theorem 5.2. Let D = [0,+00), K(z) = 3z and V = 0. Then the energy E” has no minimizers.

Proof. The energy is given by

=y [ [ =i spwdedy v [ o) og(p(w)da. (5.2)

We proceed by contradiction. Assume that a minimizer p of (5.2) exists. Then p € P$¢(D) due to the
growth of K. Since p has supp (p) = D by Theorem 3.1 and p satisfies the Euler-Lagrange equation (3.3), by

o - 27 (5428

Corollary 3.1 one has

v

Z = OOex 7K*7ﬁ(x) dz.
frew ()

where
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From an elementary calculation,
1

K +p(@) = & / (@ — 9)%p() dy

hence p = p. for some ¢ € R, where

1
pelo) = A0 exp (5. (0 - ")
is a shifted and truncated Gaussian. Here ¢ = M;(p) and A(c) is the normalization constant

Ay = 2
1+ erf(c/V/2v)
where erf(x) denotes the error function.
Let I'c = {pc},>( be the family of shifted and truncated Gaussians on [0, +0c). Then since p € I'c and p
is a critical point of £ over P(D), p is a critical point of £” over T, as well, and so the function ¢ — £”[p,]
has a critical point at some ¢ € R. By direct calculation of £”[p.], we now show that no such critical point

exists.

For the entropy, we have

Stpd =4 [ e (5 -0 (g (- 0 +log(a(e)) ) o

For the interaction energy, we get

aer [ [T vrew{-g - of - -2} oy
A(c) /Ooo(ac —c¢)¥exp (—;V(x - c)2> dx

I

_% [A(c) /Ooo(x_c) exp (-21V(x—c)2> d;v]
_ %1 _ ”; <A(c) exp <2Ci>)2

The total energy £¥[p.] then reduces to

Klpe] =

N = |

2

E"[pe] = Klpe] +vS|pc]

— v log(A(c)) — ”; (A(c) exp (_2ci>)2

) —vlog <1+erf<c)> v M

Vv

2
=vlo
& (\/27w
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By letting ¢ = ¢/+/2v, one can also write:
el =viow (2= ) —v (f@+ 17/@?), (53)

J(@) = log (1 + exf(?))..

Since ¢ — £Y[p.] has a critical point (by hypothesis) and is a smooth function, we have

2 £l = \f 7@ (H;f”(ﬁ’)):(h (5.4)

for some ¢ € R. However, f’ > 0 and min f” = —2 > —2 together imply that (5.4) has no solutions. This

where

contradicts the assumption that £” has a critical point.
Figure 1 shows the monotonically decreasing profile of ¢ — £”[p.] together with energy plots with an
added external potential V(z) = gz, which will be addressed in Theorem 6.2. In particular, it shows the case

g = 0 corresponding to (5.3). O

%
<

FIGURE 1. Plots of the energy £¥ given by equation (6.7), evaluated on the set of truncated
Gaussians T, for several values of g. For zero gravity (g = 0) — see also (5.3) — we see that
the energy is monotonically decreasing, and hence has no local minimum, while for g > 0

2

there exists a unique minimum value of ¢. Moreover, for g = g, := Y we see that ¢ = 0,

as in Remark 6.2, which implies that the minimizer p, is a half—Gauss&an.

The non-existence result in Theorem 5.2 is an example of a more general phenomenon which we refer
to as the escaping mass phenomenon. Sequences such as I', in Theorem 5.2 are escaping in the sense that
the centre of mass C (p.) reaches infinity without the measures vanishing in the traditional sense. This
phenomenon manifests in dynamics as the persistent, metastable translation of the centre of mass of the

swarm (see Remark 5.3).
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Geometrically, asymmetries in D cause the energy £ to lose translation invariance, and so the same tight-
up-to-translations arguments from free space do not apply. To enforce the existence of a global minimizer, we
can add a confining potential V' and exploit any symmetries within D. This process is described in Section
6. To complete the discussion on escaping mass, Theorem 5.3 below provides a necessary condition for the

existence of a minimizer which comes as a direct corollary of the Euler-Lagrange equation.

Theorem 5.3. Let Assumptions 1 and 2 be satisfied and let K,V € Wlicl (D). Then if p is a critical point
of the energy E¥ with supp (p) = D, then p satisfies

v / n(2) 7(x) dS(x) = — / @)YV (2) da, (5.5)
oD D

Proof. Assume that p is such a critical point. Since K,V € Wl’l(D), p is differentiable almost everywhere.

loc

Taking the gradient of both sides of the Euler-Lagrange equation (3.3) and integrating against p(x) dx then

gives us

U/D Vo(z)dx = —/Dﬁ(:r)VK*ﬁ(x) da:—/ p(x)VV (z) d. (5.6)

D

=:1
The anti-symmetry of VK implies that

= /D /D VE(@—y)ply)p(z) dy dv = — /D /D VK(y — ) ply) plx) dy de = —1,

and hence I = 0. To integrate the left-hand side of (5.6), we use the divergence theorem. Consider a sequence
of bounded sets A,, C D with smooth boundary such that lim,, ., A, = D and lim,, ,o, A, = dD. Then
for any fixed @ € RY,

z. /A Va(e) de = /A V- (3(2)d) da

/ n(z) - (p(x)d) dS(z)
0.

DA,

a- / n(x)p(x) dS(x).
OA,
Since this holds for any @ € R?, for each n we have

/An Vo(x)dx = /6An n(z)p(x) dS(z),
and so

/ Vp(z)der = lim Vo(x)de = lim n(x)p(z) dS(x) :/ n(x) p(x) dS(x).
D oD

n—oo An n—oo 8An
Since n(z) is defined for almost every x € D (Assumption 2) and p € L' (D), we can apply classical trace
theorems [21, Ch. 5] to conclude that the right-most integral in (5.6) is finite. This yields the result. O

Remark 5.2. Theorem 5.3 indicates that minimizers of £ cannot exist under zero external potential in a
large class of domains (see the Examples below). Indeed, V' = 0 implies that the right-hand side of (5.5) is
zero, yet the left-hand side of (5.5) is nonzero: the formula for critical points 5 with supp (p) = D,
K%
pla) = 2 exp (—””) ,

v

implies that p(x) > 0 for all z € dD. For this reason, (5.5) cannot hold in many infinite domains.
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Remark 5.3. Condition (5.5) relates to the dynamics of the aggregation-diffusion model (1.2) in the following

way. Consider the evolution in time of the centre of mass:

%C(u:) - /D z (&?(z)) dx
= /D FAVAR (p?(l‘) (VK * py (z) + VV(a:)) + VVpZ(x)) dx

:_/IDVK*p;’(x)p;’(x)dx—/DVV(x)pt”(x)dm—u/Dth”(x)dx

(integrating by parts and utilizing the boundary conditions)

—— [ V@@ - [ n@pi) ds(a).
D

aD

For V = 0, this is exactly
Gewn ==v [ nwy(a)ds(a). (5.7)
hence the swarm translates in the direction opposite the average outward normal vector with speed propor-
tional to the mass along the boundary, weighted by v. Unless the domain is bounded or symmetric enough
that mass may be distributed along the boundary in such a way that the right-hand side of (5.7) is zero,

translation will occur indefinitely, further justifying the terminology “escaping-mass phenomenon”. Clearly

this takes effect as soon as v > 0.

Ezamples. The following are a few example domains where a minimizer p cannot exist by the argument

in Remark 5.2.
(1) Half-space: Here D = R% := R x [0, 00) where n(z) = —é4 is constant for all 2 € dD. This gives
/ n(z) p(z) dS(z) = —éq / 2(@)day ... dzay < 0.
oD RA—1
Note that Theorem 5.2 demonstrates this case for d = 1.
(2) Wedge domain: D = {z € R? : 0 < x5 < tan(¢)z, } for ¢ € (0,7/2). Then
| nta)ple) ds(a) = (i, No)
aD
where
Ny = — sin(¢)/ p(z,tan(¢)z) dz < 0.
0
(3) Paraboloid: Let z = (z1,...,24_1,7q4) = (z/,24) € R? and define
D={zeR?: z,>|2/|*}.

1
Then n(z) = ——— (2/,—3) and so

/‘x/‘z_i_i
/ n(z) p() dS(z) = (N, Na)
oD

where again Ny cannot be zero.

In the next section we establish a relation between the domain geometry and the external potential V,

motivated by Theorem 5.3, that ensures existence of a minimizer.
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6. EXISTENCE OF GLOBAL MINIMIZERS

6.1. A sharp existence condition for certain domains. Recall that in free space we have a sharp
condition for existence of global minimizers. More specifically, in free space the sharp condition (4.3) (resp.
(4.2)) determines whether the energy £¥ is bounded (resp. unbounded) below, and boundedness from below
is all that is needed to guarantee existence of minimizers in free space. Here we show that for a wide class
of domains with boundaries (i.e. those of the form (2.14)), the analogous condition (6.1) (resp. (5.1)) for
granting boundedness (resp. unboundedness) from below of the energy is also sharp, and depends explicitly

on the effective volume dimension f, of the domain.

Theorem 6.1. Let D C R? have the form (2.14) and v > 0. Suppose that V = 0 and K is positive and
satisfies Assumption 1. In addition, suppose that for some §; > 0 and C; € R,

K(x) > 201 +01)fpvlog|z|+Cy  forall xze€D-—D, (6.1)

where D — D = {:c —yeR? :xy€ D}. Then the energy EY is bounded below on P(D). Moreover, there
exists a global minimizer p € P(D) of £, that is

V[ — : f 14 _ .
&"[pl anf € [p] > —o0

Proof. First we establish some notation. Recall that D = F x R*™ where F C R™ is compact and m-
dimensional for m € {1,...,d — 1}. Denote x = (x1,22,...,24) € D by x = (7,7) for T € F and T € R¥™™,
For p € P*¢(D), define the Z-marginal p, € P(R4~™) of p by
pe(@ = [ soa. (62)

Step 1: For any p € P*(D), we have

Slp] = Slp;| —log |F, (6.3)
where

Sl = [ pel@ox(p, (@) .

To show (6.3), by Fubini’s theorem we have

Slp] = /D p(x)log(p(x)) do = /

Rd—m

< /F (@, 7)log (p(z, 7)) df) dz.

We now claim that for almost every z € R¢™™,

[ @105 (p(a. 7)) d = 5@ log(pff)). (6.4

Assuming the claim, we then have

Sz [ pel@ion (P ) a7 = Slp,] - g .

showing (6.3).
We now prove claim (6.4) using convexity. For almost every Z € R4~™  the function f(Z) := p(T,7)

is defined for € F up to a set of measure zero and satisfies [|f|[,:p) = pp(2). For [|f|[ i = 0 or
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[fll 1 () = +00, the claim (6.4) trivially holds with equality. For 0 < || f[|;: ) < +o0, by the convexity of

U(x) = zlog(z) we have for almost every x € [0, co) and every y € [0, 00):
Uly) 2 Ulx) + U'(x)(y — x).

Letting y = f(7) and o = Hf“ﬁ,ll(” , we have for almost every T € F,

_ £l L () (Ml v Wl ey

Integrating over F' we then get

) TS
/FU(f(m))dfz/FU<F )dx
(Wl (Wl
‘/F< 7] )1"g< 7o) "

— (@) log (ﬁﬁ’) ,

We briefly note that intuition for (6.4) comes from the case p,(Z) = 1, which implies that p(Z,Z) is a

which proves the claim.

probability density on F'. The inequality (6.4) is then equivalent to the uniform distribution on F' being the
global minimizer of S over P(F'), which is intuitively clear from an information perspective: the uniform
distribution corresponds to the state with least information, or maximum entropy —S.

Step 2. There exists C' € R such that for any p € P*(D), we have

Klp) = —(1+ 6w Slp,) + C. (6.5)
To show this, first note that for any z = (Z,z) and y = (7,¥) in D:

log (|2 —y|) = log (|2 — 1)

Using this, together with the lower bound (6.1) on K, Fubini’s theorem, and the logarithmic-HLS inequality

on the space P(R4~™) (see Lemma 4.2), we get:

Klp] = %/D/DK(:C—y)p(w)p(y) dz dy

> a)—my [ [ tog(le o) podpty) dedy + 5

>eia-my [ osa-a) ([ pwar) ([ otwar) aare G

o d=mpy [ [ og (7 31) pe @, @) di i +

> —(1401)vS[pe] — (1 +61)(d—m)vCoy + %

Step 8. We now show that inf £¥ > —cc.

Consider a minimizing sequence {p"}, 5, of £” and without loss of generality assume that sup,, {€"[p"]} <
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+00. By Step 1 and the positivity of K, for every n we have
vS[pt] < vS[p"| + vlog |[F| < EY[p"] + vlog |F| < +oo
and so sup,, {S[p"]} < +oco. Putting Steps 1 and 2 together (for C different from above), we get
Ep" > —(1+ 81)uS[pr] + vS[pr] + C = — (61v) S[p}] + C,
which implies

inf  £%[p] = lim &[p"] > — (5 S[p"]} > —oo.
€Il = lim £7p"] 2 (81)sup {S[pp]} > —oc

Step 4. Minimizing sequences are tight-up-to-translations in R4~

The inequality (6.5) in Step 2 can be rewritten as

vSlp,) = =5 (Kl - €).

Combined with Step 1 and the positivity of K, this gives us

5 -

v > >
SMf1+&KM+CfQ

for C € R different from above. The boundedness of {€ “[p"]} >0 implies that {K[p"]}, 5, is bounded: it was
shown above that energy is bounded below, while the interaction energy has to be bounded above, and so
by Lemma 4.3, there exists a sequence {p"}, -, which is tight up to translations in R%. Let {p"}, -, be a

translated version of the sequence that is tight in P(R¢) and given by

pr(x) = p"(x — ™).
Without loss of generality, we may assume by the compactness of F' that the translations z™ satisfy ]’ =0
for i = 1,...,m, which implies that (i) {p"}, >, is tight in P(D) and (ii) for each n, E"[p"] = £¥[p"], since
the energy is invariant to translations in the last d — m coordinates. By (i) and Prokhorov’s theorem, we
are guaranteed existence of a subsequence {p"*}, -, which converges weakly-* to some p € P(D), and by (ii)
and the lower semicontinuity of the energy (Lemma 4.1), we have that

E[p] <liminf Y[p"] = lim &EY[p"] = inf &E¥[p],

n—o00 n—o00 pEP(D)

and so p realizes the infimum of £¥. Since inf,ep(py ¥ < +00, we have that p is absolutely continuous with

respect to the Lebesgue measure (see Remark 2.2). O

Remark 6.1. Boundedness from below of the energy in Theorem 6.1 can be extended to domains D = F' x H
where F© C R™ is compact and m-dimensional and H = Hy X --- X Hy_,, where each H; C R satisfies

|H;| = 400 and is given by the closure of a disjoint union of intervals:
H; = U T4

In particular, we could have H; = [0,00). Introducing domains with such asymmetries, however, leads us
again into the dilemma of the escaping mass phenomenon, and so boundedness from below of the energy may

not be enough to grant existence.
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6.2. Existence of Minimizers via Confining Potentials. In this section we establish sufficient conditions
for existence of global minimizers of the energy that take into account the escaping mass phenomenon. Given
the considerations above, in many canonical domains we have no global minimizer despite £ being bounded
below. With insight from Theorem 5.3, we present here an approach for guaranteeing existence of a global
minimizer through the addition of a suitable external potential V. For a simple example, we first return
to the case K(z) = $2? and D = [0, 00) from Section 5.2, adding a potential V(z) = gz. In Theorem 6.3
we then establish a condition on V' (see (6.10)) that is in some sense minimal and guarantees existence of
a global minimizer of £ for general domains D satisfying Assumption 2. Finally, Theorem 6.4 provides a

weaker set of requirements on V' which takes advantage of symmetries within the domain.

Theorem 6.2. Let D = [0,+00), K(z) = %x2 and V(z) = gz for g > 0. Then for any g > 0, there exists a

unique critical point p for EY in the space of measures in P3¢(D) having support equal to D.

Proof. The energy is given by
1 o0 o0 o0 o0
—1 | | @ e@pwidsdyry [ pa)osip@)do by [ mperdn (60)
o Jo 0 0

We proceed as in Theorem 5.2 and look for energy minimizers using the fixed-point characterization of critical
points (3.8), only now we show that the map T'(p) has a unique fixed point. Borrowing from the calculations

in Theorem 5.2, for any p € P3¢(D) we have:

7(p) = 274 exp (D) a) exp (<5 - o)

where now ¢ = M (p) —g. Since T maps P§¢(D) into I'., by Corollary 3.1 it suffices to look for critical points
in ..

We then proceed as above and first attempt to satisfy the necessary condition %5”[,00] =0. Withg >0
the energy (5.3) becomes

5"[pc]vlog<ﬂ%) ((~>+ Ly )w(ff ~>+@c> (6.7)

whereby solving 7 SV[pC] = 0 reduces to finding a root ¢ to

<\/§g - f’(é’)) (1 + ;f”@) ~0.

From (5.4), we know that the second term is strictly positive, so we may divide by it and further reduce the

f'@) = \[ (6.8)

For any g,v > 0, (6.8) has a unique solution since f’: R — [0, 00) is smooth and monotonically decreasing,

problem to solving

so we have that there exists a unique candidate critical point p.« € I'. where \;5 solves (6.8); pe+ is then a

critical point of £¥ over the space I'..
All that remains is to show that T'(pe+) = pe+ to conclude that p.+ is in fact a critical point of £ over all

of P§¢(D). Indeed, since T maps P5¢(D) into I'., we have T(p.) = por € ', for some ¢ € R, and by direct

Ml(pc*)g\/gf/(\/c$>+c*gc*,

calculation,
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since \;;T, solves (6.8). This shows that p» = p.- since every member of I'. is uniquely determined by its

shift ¢. This completes the proof. We refer the reader back to Figure 1 for a comparison of ¢ — £¥[p.] for

several values of g > 0, with each plot showing one global minimum. O

Remark 6.2. For g = g. := 2?”, the solution ¢ to (6.8) is exactly ¢ = 0, which implies that the critical
point p is exactly a half-Gaussian, and for g > g., the maximum of p lies at « = 0. This is used to benchmark

the numerical method in Section 7, in Figure 2.

Theorem 6.3. Suppose that Assumptions 1 and 2 are satisfied and that K and V are positive. In addition,
suppose that for some § > 0 and Ck € R,

K (x) > 2(1 + 8)dvlog |z| + Ck, (6.9)

and that for some xo € D, V satisfies

lim < infxo)V(x)> = +oc. (6.10)

R—o0 zeB%(

Then there exists a global minimizer p € P*(D) of £¥.

Proof. We will first show that the energy £ is bounded below and then prove that minimizing sequences are
tight. Indeed, the boundedness from below of £ follows from results in free space. By Theorem 6.1 above
(along with [13]), relation (6.9) between K and v is sufficient to guarantee that £” is bounded below over
P(R?) by a constant C' € R when V = 0.

Since |D| > 0 and we are not requiring any regularity of measures other than absolute continuity with
respect to Lebesgue measure, for any pu € P*(D) with density p we can define a measure ug € P (R9) with

density po(z) by extending p by zero:

p(z), z€D
po(z) = (6.11)
0, re DeC.

For each p € P?(D) we then have the lower bound

E¥[u]

% /D /D K(z —y) du()duly) +v /D p(x)log(p(x)) dw + /D V(@) du(x)
- %/}Rd e K(z —y) dpo(z)dpo(y) + V/]Rd po(z)log(po(z)) dx + /D V(z)du(z)
>+ [ Vi) duto)

which implies

/D V(z)du(z) < E¥[u] — C. (6.12)

Now consider a minimizing sequence {ji,},~, C P*“(D) of £”. The following argument shows that {s,},

is tight. Since {un},~o is minimizing, we can assume {€"[,]}, > is bounded above, hence (6.12) implies

n

sup/D V(z) dpn(x) < M (6.13)
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for some M € R. Fix e > 0 and let L > 0 be large enough that M/L < e. From (6.10), to L there corresponds
an R such that

inf V(x)> L.

x€B§ (x0)

For each pu,, we then have

i

hence for the compact set K. = Br(xg) N D,

din(e) < [ V(@) dun(a) < [ V@) o) < M.
(Io)ﬂD B%(wo)ﬁD D

c
R

tn(Ke) > 1—e.

This shows that the minimizing sequence {},,~, is tight. By Prokhorov’s theorem we may then extract
a subsequence {in, },~, which converges in the weak-* topology of measures to some p € P(D). It follows

from the weak-* lower semicontinuity of £¥ (Lemma 4.1) that

VI[= < 3 3 v — 3 v — 3 v
€¥[p] < liminf &[p,, ] = lim_ &"[pn] pelg(fD) E¥[pl,
and so p realizes the infimum. Moreover, by Remark 2.2, 5 € P*¢(D). O

The previous theorem provides a way to guarantee existence of a minimizer in all domains D satisfying
Assumption 2, simply by adding an external potential to contain the mass and enforce tightness. As the
following theorem shows, in many domains a less restrictive external potential is needed to ensure a minimizer.

We will need some terminology for the next theorem. Define a band S in R¢ by
Si={zeR: |z, <a}.
Also, we define a function f : R? — R to be discrete-translation invariant in v € R?, if for any m € Z,
f(z +mu) = f(z), for all z € RY.

A subset D C R? is called discrete-translation invariant in « € R? if its indicator function 1p is discrete-

translation invariant in u by definition above.

Theorem 6.4. Let (z1,...,74) be a fived orthogonal coordinate system for R:. Suppose the hypotheses of
Theorem 6.3 are satisfied, except that (6.10) is replaced with the following: for each coordinate x;, at least
one of the following holds:

(i) D is bounded in x;.

(i1) V is unbounded in xz; of the form
lim ( inf V(;U)) = 4o0. (6.14)

a—o0 \z€(SE)e
(iii) D and V are discrete-translation invariant in s;é; for some s; > 0.

Then there exists a global minimizer p € P*(D) of £¥.
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Proof. As before, we consider a minimizing sequence {y,},,5, C P*(D) for £” over P(D), where we assume
that {&¥[pn]},,5¢ is bounded above by some M > 0. Again, (6.9) implies that {€¥[1n]}, >0 s bounded below,
and so the upper bound (6.13) on {V[un|}, 5, still holds. As in (6.11), an absolutely continuous measure
@ € P(D) may be extended by zero to a probability measure on R?, so with some abuse of notation we
will refer to u € P*(RY) as a probability measure on D whenever p(D¢) = 0.

Since we can no longer extract tightness just from V', we will instead exploit the fact that the interaction
energy K is bounded and use Lemma 4.3 to conclude that {un},-, is tight-up-to-translations in P(RY).
Then, with each coordinate x; satisfying at least (i), (ii) or (iii), we will show that a translated sequence
{Hn},>o exists that lies in P(D) and remains minimizing.

To see that the interaction portion of the energy is bounded, we reuse some arguments from [13]. Namely,

the logarithmic HLS inequality (Lemma 4.2) together with (6.9) imply that for each p € P*(D) with
du(z) = p(x) dz,

vS[) > —vd / d / os([z — yl)plw)ply) diz dy — vdCo

. 1

> sy fo [ K v ) dnt) vy — 5
1 ~

i G

for C = vdCy + ﬁC’K. By the positivity of V', for each p,, we have

) ~ ~ ~ o~
mlc[:u’n} < K:[/J,n]-i-VS[/J,n]-FV[/J,n]-i—C = 5V[Mn]+c < M+C,

hence {K[n]}, > is bounded above. By Lemma 4.3 we now have that {1, },,~ is tight up to translations in
free space.

We now construct a tight, translated version of {“n}nzo that retains the property p, (D) = 1 and remains
energy minimizing. To do so we address each coordinate x; and consider the three cases above. Let € > 0 be

given.

(i) For each z; in which D is bounded, let L; = sup |z;| and note that for each n
x€D

[n(Sy)=1>1—¢

(ii) Similarly, for each x; in which V satisfies (6.14), there exists L; > 0 such that

uniformly in n by a similar argument as in Theorem 6.3. Indeed, since {V[uin]}, 5 is bounded above by some

M > 0, let L be large enough that M/L < e. Then there exists L; > 0 such that

inf V(z)>L,
z€ (Sle)

hence

1 1
/(sg)cm Anl®) = /<s;i>"m> V@ din(@) < 7 [ Vi) duala) <
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(iii) Now consider the index set I of coordinates x; for which D and V are discrete translation invariant in

s;é; for some s; > 0. First we note that if D is discrete translation invariant, then so are K and S by a
change of variables. If V is also discrete translation invariant, then so is V), hence for each ¢ € I, the energy
£Y is discrete translation invariant in s;é;.

Let {M}l}nzo = {,un (x — x"’l)}nzo C P(R9) be a translated sequence which is tight but may no longer
satisfy pl (D) = 1. Without loss of generality we have x?’l =0 for ¢ ¢ I using the arguments above for (i)
and (ii), so translations have only occurred in coordinates z; for i € I.

Now define another translated sequence { u%} by

n>0
= b+ T = i — 272)

where the translations are defined by

d
1 ~ ~
LL‘”’2 = xn,l _ § mod (le, >3i) 6; = xn,l _ xn,l
=1

i€l
where
n,l
n,1 . .n1 Zz;
mod (x,77,8; ) ==, — | ——|5i.
Si
From this we get for each i € I that
xn,l
5 .
xt = L d Jsl =mys;, for some m} € Z.
S

Hence by discrete translation invariance,

d
pn(D) = pin (D — &™) = p | D= misié; | = pn(D) =1,
=1

i€l
and so {,u%}n>0 lies in P(D). Similarly,
d
EVua] = &Y | [ 2 =D musié | | = E[un),
i=1
icl

thus { M%}n>0 retains the minimizing property of the original sequence {Un}nzo- To see that { M%}n>0 is
tight, we can use the fact that {y,,} _ is tight to find a compact set K! C R? for which p,,(K!) > 1 — ¢ for

each n. Since
|x"’2 — m"71| < v/dmax s;,
iel
the compact set

K? = {:E € D : dist (m,Kel) < \/gmaxsi}
iel

€

satisfies p2 (K?) > 1 — ¢ for each n. We may now apply Prokhorov’s theorem and lower semicontinuity of the

energy to extract a convergent subsequence {u2, such that p2 = p € P(D) and £”[p] = inf £¥ > —o0.

}kzo
Finally, as above, Remark 2.2 implies that p € P%¢(D), which completes the proof. O
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Remark 6.3. Theorem 6.4, although more technical, is designed to capture many practical cases. As it
reads, one such case is that of the half-space domain D = R%~! x [0, 00) together with a potential V of the

form
V(z)=V(x,) < CzP,

for p > 0, which only depends on the final coordinate z,,. This is the case commonly considered when
modeling a swarm in a gravitational field. Another case is that of an infinite channel D = B}i{l X R where
B s a (d — 1) dimensional ball of radius R. Since the infinite channel is either bounded or translation

invariant in each coordinate, a global minimizer exists for V' = 0, consistent with Theorem 6.1.

7. NUMERICAL COMPUTATION OF CRITICAL POINTS

We compute critical points of £¥ under purely attractive power-law potentials and attractive-repulsive
potentials on an interval D = [0, L], using an iterative method to find fixed points of (3.8). In all cases,
we check that the Euler-Lagrange equation (3.3) is satisfied to within the error tolerance of the iterative
method. Due to the exponential decay of critical points it can be assumed that for sufficiently large L,
critical points computed on the interval D = [0, L] are good approximations of critical points on [0, co) (when
the latter exist). In light of Theorem 5.3, which implies that for V' = 0 no critical points exist on the half-line,
computations with V' = 0 should be interpreted as approximations to critical points in free space (D = R),
while computations made with V' # 0 should be interpreted as approximations to critical points on the half

line D = [0, 00).

7.1. Numerical Method.

Fixed-Point Iterator. The following scheme computes critical points of £” by discretizing the map T : P(D) —
P(D) given in (3.8). Recall that fixed points of T are critical points of £” (in particular, the set of fixed
points of T' are exactly the critical points of £” which are absolutely continuous and supported on the whole

domain). We use the iterative scheme
P = (1 —7,)p" + T T(p"), (7.1)

where
L it &V [T (p™)] < &¥[p"],
Tn = (7.2)
T., otherwise,
with inputs 7. € (0,1) and p° € P(D).

In words, each iteration produces an absolutely continuous probability measure p"t! that is a convex
combination of the previous iterate p™ and its image under T, unless the energy of T'(p") is lower than that
of p™, in which case p" ™ = T(p"). Each step requires computation of the integral terms in T'(p™) and £¥[p"],
which for D = [0, L] is done by discretizing the interval into N quadrature nodes and numerically integrating.
For uniform grids, we use MATLAB’s conv function to compute K * p", while for non-uniform grids we use

trapezoidal integration. The scheme is terminated when

o™ =T ("M 11 (py < tol or 1 > Nmax, (7.3)
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where tol and Ny are specified by the user. In what follows, we denote by p,, the numerical solution
produced by the fixed-point iterator upon convergence.

Stability Constraints. The scheme (7.1) has many benefits. It is explicit, so only numerical integration is
required at each step, which allows for flexibility of the spatial grid. It is also positivity preserving. Due to

the explicit nature, however, there are a few stability constraints.

Oscillations. The first stability constraint prevents spurious oscillations and can be explained by casting
the scheme as a discretization of the following integro-differential equation: assuming 7,, < 1, (7.1) can be
viewed as a forward-Euler discretization of

& ol 1) = T(plar, 1) — pl 1), (1) € D x (0,00), -
p(@,0) = po(a) € P*(D),  z €D,
whose steady states are exactly the fixed points of T

For any point z* € D, the time evolution of p(z*,t) under (7.4) is such that p(z*,t) increases when
plx*,t) < T(p(z*,t)) and decreases when p(z*,t) > T'(p(z*,t)). Analytically, if py lies in the basin of
attraction of some fixed point p of T, we expect pointwise convergence lim; o p(z*,t) = p(a*). If p(a*,t)
oscillates around p(x*) as it approaches p(z*), numerically one can expect spurious growth of such oscillates.
Indeed, oscillations do appear in the fixed-point method (7.1) for “timesteps” 7. that are too large, in which
case the iterates p™ cycle indefinitely through a finite set of measures.

To arrive at a stable value of 7. which prevents oscillations, we examine a bound on the L!-Lipschitz

constant Ly of T' (derived in [37] assuming D is bounded, K is bounded below, and V' is positive):

2|~ 1~
1022 7],y (L], ) s
v L~ (D-D) v L>~(D-D)

where K := K —mingep_p {K(z)}. Due to the exponential dependence on I K|l o, (7.5) may not be a very
encouraging bound, but it does suggest that 7. should be proportional to v. Indeed, we see convergence of
the scheme for 7. = O(v) and in all computations below set 7. = 5v. Direct dependence of 7. on ||K|| was

not observed.

Normalization and Underflow. Another numerical issue is round-off error. Assuming for the moment that

K and V are both positive, when v is small the argument of the exponent in 7 is negative and large in
magnitude. This results in underflow of digits when calculating Z(p) and subsequent division by a small
quantity. To avoid this, we exploit the fact that the set of critical points of £” is unchanged by adding
a constant to K and at each step normalize the argument of the exponent by adding to K the factor
¢n == —vlog Z(p"~1). The potential used in simulations then changes at each iteration and is given by
K,(x) = Kn_1(x) + ¢, with Ky = K. For Z(p™) we then have
26 = 2 [ e (— Koo« p"(@) + V) dr,
D

v

and so as p" — p we see that Z(p") — 1. This normalization turns out to stabilize the problem, and results
in the constant on the right-hand side of the Euler-Lagrange equation (3.3) conveniently converging to zero,

since the true value A is equal to —v log Z(p).
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Continuation. The scaling 7. = O(v) adopted in light of the bound (7.5) implies that the number of iterations
required for convergence is large for small v. To prevent this, we use continuation on v: we let {v; }}]:0 be
a decreasing sequence of diffusion parameters and for each v; we set the initial guess p? for the fixed-point
iterator to the output ﬁ;;l of the fixed-point iterator with v = v;_;. This is very effective for reducing the
total iteration count and is also seen in Figure 5 to be crucial for revealing non-uniqueness of critical points:
different sequences of diffusion parameters (sharing the same final value of v) can produce different critical
points.

Convergence Criteria. We are primarily concerned with satisfying the Euler-Lagrange equation in its original

form,
A(z) := K xp(x) + viog(p(z)) + V(z) = A, for all x € [0, L],

where A = £¥[p] + K[p], and so we check that the quantity

Aoo = [|A=&"[p,,] = K, ) (7.6)

is below the chosen error tolerance for each numerical solution p, .. We also check that the boundary

condition (5.5) derived in Theorem 5.3 is satisfied, which reads

L
p0)=p(0) =5 [ Vi)pte) do

v

However, in all numerical experiments we use V (z) = g and choose L large enough that p(L) is negligible,

so this reduces to

p(0) =g/v, (7.7)
which is exact for D = [0, 00). Thus, we also assess the relative error
[P (0) —9/v|
Ey:=—F—— 7.8
A o (73)

7.2. Purely Attractive Interaction Potential. The first class of potentials we examine are purely at-

tractive, power-law potentials

1
KP(I) = ];|I,|p7

for p > 0, where repulsive forces are present in the swarm only in the form of diffusion. Without diffusion,
for all p > 0 the global minimizer is a single d-aggregation with location determined by V. The effect of
switching on diffusion is to smooth out the J-aggregation. Indeed, Figures 2—4 show critical points which are
continuous and unimodal, but are supported on the whole domain with fast-decaying tails.

First we examine the case p = 2 in detail given the results in Theorem 6.2, and compare with other small
values of p. Then we look into the limit of large p, which is motivated by the fact that minimizers of £ are

supported on the entire domain regardless of the attraction strength (see Theorem 3.1).

Remark 7.1. For uniformly convex interaction potentials (i.e K, with p > 2), it can be shown using
displacement convexity as in [36] and [17] that for V = gz the global minimizer is the unique critical point
of &Y for D = [0,00). Numerics suggest that uniqueness holds for general power-law, purely-attractive K

when (i) D = R with V = 0 and (ii) D = [0,400) with V convex and satisfying condition (6.10). In this
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way, convexity of K may be relaxed if K remains purely attractive. However, Figure 5 below shows that for

attractive-repulsive (non-convex) interaction potentials, minimizers are not unique.

Moderate Attraction Strength and Connection to Theorem 6.2. The case p = 2 is used to benchmark the
fixed-point iterator. Theorems 6.2 and 6.3 together imply that for every g > 0 and v > 0 the global minimizer
of £¥ under Ky and V = gz is the unique critical point; moreover, we have an explicit formula for the global
minimizer, up to solving equation (6.8) (e.g. with MATLAB’s fzero command). Figure 2 contains computed
solutions under K for several values of g along with convergence data. Agreement with the exact solution
p.. and the Euler-Lagrange equation as measured by Ao, and the boundary condition Ey are all on the order
of the chosen error tolerance of le—6. We see especially good agreement with the Euler-Lagrange equation,

gaining two orders of accuracy relative to the error tolerance. Figure 3 shows computed critical points for

30 T T

P+ 9=10.25g,
258 * P 9=9c |
o D, g=4g.

20

< 15

10

g ||EFP -D.. |1 Ao Ey Total Iterations
0.25¢, 3.92e—6 9.54e—8 | 7.91e—6 44

Je 2.16e—6 6.63e—8 | 7.38e—7 16

49, 8.13e—6 3.88¢—9 | 7.40e—6 10

FIGURE 2. Global minimizers under K, with p = 2, V(z) = gz and v = 2% ~ 0.0156
computed using the fixed-point iterator. The method is initialized at p° = 4119,0.25) With
an error tolerance of le—6. A spatial grid of N = 2!0 points is used with points spaced
quadratically to resolve the boundary at = 0 (not all points are plotted). The value
e = W is emphasized because solutions achieve their maximum at = 0 if and only if
g > ge (see Remark 6.2). All three computed solutions converged in well under Nyp,ax = 2000

iterations.

p € (1,8] to compare with the case p = 2, demonstrating that increasing p decreases the maximum height

of the solution. We examine the cases ¢ = 0 and g = v, the former resulting in critical points which are
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symmetric about the center of the domain while the latter causes clustering near the domain boundary at

x = 0. Notice that with g = v, (7.7) implies that p(0) = 1, which is clearly represented on the rightmost

plot.
14
12 ¢
10 +
8
(SN ”
6L
N\
4l
=
2l
0 ‘ ‘
0 0.5 1 L5 2 1.5 2
x T

FI1GURE 3. Critical points of £ computed using the fixed-point iterator with K, for p €
{1.0625,1.125,1.25,1.5,2,4,8}, V(x) = gor and v = 276, Left: profiles for ¢ = 0. Right:
profiles for ¢ = v. As p increases, the maximum height of solutions decreases. The method
is initialized at p" = 0.51g o) for g = 0 and oV = Lo,y for g = v. The error tolerance is set to
le—6 and the maximum iterations set to Npax = 2000. A spatial grid of N = 210 uniformly
spaced points is used. In each case Ay, is well below le—6; however, the use of uniformly
spaced points instead of quadratically spaced (as in Figure 2) has an effect on accuracy at

the boundary: Fy remains on the order of 1072,

Limit of Large Attraction. We now examine numerically the limit of large p, which is motivated by the fact
that minimizers p of £ satisfy supp (p) = D regardless of how strong the (power-law) attraction is (see
Theorem 3.1). This is a striking feature because intuitively one might expect that for very large attraction
the swarm would be confined to a compact set. Only as p — +00, however, do we reach a state with compact
support. We derive this family of compactly supported states below in one dimension and compute critical
points for powers up to p = 256 to suggest convergence to the compactly supported states included in Figure
4.

The limit as p — oo is clearly singular, as the limiting interaction potential K., defined by

0, x € [-1,1]
lim Kp(z) = Koo(z) ==

pP—00

+oo, w ¢ [-1,1]

is no longer locally integrable. As such, the space of probability measures on which the resulting energy is

finite is very limited. Despite this, we can still determine minimizers for £” under K,. It is not hard to
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show that the corresponding interaction energy K, satisfies

0, if p is supported on a unit interval,

Koolp] =
400, otherwise,

and so the space we should be looking for minimizers in is
{1 € Poo(D) : supp(p) C [a,1+ a] for some a € R}.

To arrive at this, for the interaction energy we have
1 1
Kt =5 [ [ Ko =pdnyauto) =5 [ Koo o) du),
DJD supp(u)

which is finite if and only if K, * p is finite p-a.e. By computing
Korule) = [ Keulo = y)duty)
supp(p)

Koo(z — y) du(y)

/Supp(u)ﬂ[rl»xﬂ]c
0, plle—ta+19) =0
+o00, otherwise,

we see that Kuo[p] = 400 unless p([x — 1,2 + 1]¢) = 0 for p-a.e. € D, which is equivalent to p having
support on a unit interval. From this we deduce that a minimizer p_., has support on a unit interval and

satisfies Ko, * P () = 0 for p-a.e. z. Hence the Euler-Lagrange equation reads
vlog(pe () +V(x) = A, Po-a.e. T E D,

or, taking supp (o) = [0, 1],
]1[0’1] for V=0

Poc = (7.9)
Z7'e VM, for V#£0.

Figure 4 shows critical points for K}, and V = gz for larger values of p together with the corresponding
limiting measure p, derived above. For g = 0, as p increases we see solutions increasing to p., inside [0.5, 1.5]
and decreasing to zero elsewhere. For g = v the boundary condition (7.7) again reduces to p(0) = 1, which
is satisfied through increasingly sharp transitions as p increases, and is not satisfied in the limit by p,,. We
still see Ao, values near the error tolerance, except for p = 256, where the method clearly breaks down, as

the scheme converges in fewer than Ny, iterations yet A is O(1).

7.3. Non-Uniqueness under Attractive-Repulsive Potentials. The second class of interaction poten-
tials we consider involve attraction at large distances and repulsion at short distances. So-called attractive-
repulsive potentials have been the subject of a substantial amount of research in recent years (see [2, 0, 22,

, 26, 27, 39]) for their use in modelling biological swarms, which predominantly seem to obey the following
basic rules: if two individuals are too close, increase their distance, if too far away, decrease their distance.
We show here through a numerical example that for such potentials, uniqueness of critical points does not

hold in general.
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1.2+ —
_BM' 1
Lr " Px
0.8+
SSONE
0.4+r
0.2+
O .
0 1.5 2
P Aso Iterations P Ao Ey Iterations
16 | 1.92e—6 64 16 | 5.11e—6 | 7.16e—3 16
32 | 3.84e—6 131 32 | 6.86e—6 | 1.29¢—2 116
64 | 8.50e—6 168 64 | 1.30e—5 | 2.55e—2 115
128 | 1.57e—5 186 128 | 2.70e—5 | 5.10e—2 136
256 | 2.33e—1 180 256 | 2.48¢—1 | 9.97e—2 140

FIGURE 4. Critical points of £ computed using the fixed-point iterator with K, for p = 2k,
k=4,...,8 V(x) = grv and v = 275. Left: profiles for g = 0. Right: profiles for g = v. As
p increases, p,,, drops off sharply outside an interval of length 1, approaching the compactly
supported state 5, defined in (7.9). Parameters for the fixed-point iterator are the same as

in Figure 3.

We examine a regularization of the potential
L oo
Kqoanr(z) = §|$| +2¢(x),

which features quadratic attraction and Newtonian repulsion given by the free-space Green’s function ¢(z) =
,%m for the negative Laplacian —A in one dimension. Specifically, we consider the C' regularized versions
of Kganr in the form of the one-parameter family

1 1 —||, || > e,
K () := 5:32 + 2¢c(x) := 5952 + 1 (7.10)
. 2l < 6,
for € € (0, 1].

One might expect that for each e, switching on diffusion selects a unique number of aggregates in all min-
imizing states. Similar results have been documented: Evers and Kolokolnikov establish in [22] that adding
any level of diffusion to an equilibrium consisting of two aggregates of unequal mass for the plain aggregation
model under the double-well potential K (x) = —%xQ + ix‘l, causes the state to become metastable, where

mass is transferred between the two aggregates until their masses equilibrate, which only happens in infinite
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time. As evidenced by the numerical example in Figure 5, where a four-aggregate and a five-aggregate state
both exist as critical points for the same € and v values, it seems that diffusion does not guarantee a unique
number of aggregates. It is clear that the four-aggregate state is preferred, as it has lower energy and requires
fewer iterations of the fixed-point iterator.

Using continuation on the diffusion parameter, as in Figure 5, suggests a method for computing the
globally-minimizing configuration for each e. Both the four-aggregate and five-aggregate state are computed
with final diffusion v = 2713, but the four-aggregate state is reached using continuation from initial diffusion
vp = 10v, whereas the five-aggregate state uses vo = 2v. The more energy-favourable state is reached from a
larger starting vg, which suggests that continuation from larger diffusion might be a mechanism for extracting
the global minimizer. Ice crystallization provides a physical analogy: more imperfections form in ice crystals

when water is frozen abruptly, indicating a non-energy-minimizing configuration, than when water is frozen

slowly (see for instance [34]).
l 9.6
— ) =~ 27f‘
oF ey = 2712
41 i H r A P i
3L i
SN
2 i
1L . J
1 v
BB ] 1
H P i il i
0 I', “l\ :’! |I‘ ] I" “‘L | ', ‘I\ j' I\‘
0 0.5 1 1.5 2 2.5
T
7 &Y Ao Total Iterations
10v | —0.74841 | 5.73e—7 26
2v | —0.74826 | 1.19¢e—6 1149

FIGURE 5. Multiple critical points for K, with € = 0.3 and v = 2713, In each case, the
fixed-point iterator was initiated at pyg = %]l[o, ] and continuation was employed on the
diffusion parameter. With initial diffusion vy = 10v, we arrive at a four-aggregate state,
while for vy = 2v, a five-aggregate state emerges which has higher energy, higher A, and

requires many more iterations of the fixed-point iterator, suggesting less stability.
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