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ABSTRACT. In this paper we rigorously justify the propagation of chaos for the parabolic-elliptic Keller-
Segel equation over bounded convex domains. The boundary condition under consideration is the no-flux
condition. As intermediate steps, we establish the well-posedness of the associated stochastic equation as

well as the well-posedness of the Keller-Segel equation for bounded weak solutions.
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1. INTRODUCTION

In biology, chemotazis describes the phenomenon that cells and organisms direct their movement in
response to chemical gradients. This mechanism enables bacteria such as Escherichia coli (E. coli) to swim
toward the highest concentration of food or flee from poisons. It also facilitates the movement of sperm
towards the egg during fertilization. Mathematically, one of the most classical models for studying chemotaxis
is the Keller-Segel (KS)-type equations, introduced in [35] to describe aggregation of the slime mold amoebae.
There are many theoretical results regarding the well-posedness and mean-field limits of Keller-Segel-type
equations when posed over the whole domain R (see for example [3,6}/18,/21}/27,/31,/55]).

In this paper, we aim at justifying the mean-filed limit leading to the parabolic-elliptic Keller-Segel model
in a bounded convex domain D. Specifically, let p; be the macroscopic density and F be the interaction

force among particles. Then the KS equation under investigation has the form

Opr =vQlp —V - [peFxp), x€D, t>0,
pe()]i=0 = po(z), zeD, (1.1)
(vVpr — peF x prym) =0, z€0D,

where (-, -} denotes the dot product in R? (d > 2), n is the normal direction to dD, and the convolution is
defined as

F*pt(x)=/ F(z —y)pe(y)dy,  foranyxz € D.
D

The particular F' considered in this paper is the negative gradient of the Newtonian potential given by

Cix

Tl VoeRN{0}, d>2 (1.2)

F(z)=-Vo(z)=—

with C, = @2 and

ord/2

~Inlz|, ifd=2,
O(z) = c (1.3)
— o, ifd >3,

Here, Cy = m with aq = % denoting the volume of d-dimensional unit ball. Equation (1.1
is also commonly written as a system of equations for the density p; and the concentration ¢ = —® x p; of

the chemo-attractant. The main mechanism driving the solutions of (1.1f) is the competition between the
1
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diffusion and the nonlocal aggregation. We refer the reader to the review paper |23] or Chapter 5 in [41] for
more discussions of this model.

The main purpose of this paper is to justify the propagation of chaos for the KS system . To do
this, we model the dynamics of the particles by using equations on three levels: a continuity equation on the
macroscopic level , a stochastic equation on the mesoscopic level and a stochastic interacting particle
system on the microscopic level. The methodology in this paper is to approach the PDE model from its
underlying microscopic stochastic particle system. Specifically, let (Q, F, (Fi)i>0,P) be a probability space
endowed with a filtration (F;);>0 and {B{}¥; be N independent d-dimensional Brownian motions on this

probability space. The system of interacting particles underlying the KS equation (1.1)) is given by:

Xi =X3+ﬁ > JYF(Xi— X3)ds+V2uBi — Ri, i=1,---,N, t>0,
i#i (1.4)
i i i t i i i i
fo n(X; d‘R lss R = fo Lop(Xg) d|R'[s, Xt|t70 = X5,

where { X/} | are the trajectories of N particles and F given by (1.2) models pairwise interaction between
the particles. We assume that the initial data {X{}Y, are mdependen‘cly7 identically distributed (i.i.d.)
random variables with a common probability density function pg(x) and v/2v is a constant. Also, n(z)
denotes the outward normal to dD at the point z € D and R is a reflecting process associated to X; with

a bounded total variation. Moreover, |R[! is the total variation of R: on [0, ], namely
[RJ; =sup Y R, = Ri,_,|, (1.5)
k

where the supremum is taken over all partitions such that 0 =ty <t; <--- <t, =t.

Solving the stochastic differential equation (SDE) is known as the Skorokhod problem. Skorokhod
introduced the problem in 1961 [43,44], where he considered a SDE with a reflecting diffusion process on
D = (0,00). The multi-dimensional version of Skorohod’s problem was solved by Tanaka [50], where the
domain D was assumed to be convex. In [37] Lions and Sznitman extended the result to a general domain
satisfying certain admissibility conditions, where the admissibility roughly means that the domain can be
approximated by smooth domains in a certain sense. Later, Saisho [42] removed the admissibility condition
of the domain by applying the techniques used in [50].

The analysis of the limiting process of interacting particle systems as N — oo is usually called the mean-
field limit. There is extensive literature [11}28}/30,/46] on mean-field limits for various models when the spatial
domain is the whole space R?. For second order systems, mean-field limits with globally Lipschitz forces in
the whole space R? were obtained by Braun and Hepp [|9] and Dobrushin [17]. Later, in [8], these results
were extended to particle systems with locally Lipschitz interacting forces under certain moment control
assumptions. The whole space case with a singular force was treated in [7,[10,/29,[36]. In particular, the
mean-field limits for the KS system in the whole space were shown in [21,25-27,/55].

Meanwhile, there is much less work on mean-field limits for systems over bounded domains. In [48|,
the author derived rigorously the mean-field limit for particle systems with reflecting boundary conditions
and bounded Lipschitz interaction forces. In Carrillo et al. [13], the authors considered a model in general
domains (which is not necessarily convex ) with a A-geodesically convex potential. Very recently Choi and
Salem [15] proved the mean-field limit for the case where the particle system has a particular type of bounded
discontinuous interacting force.

The intermediate model between the microscopic model and the macroscopic equation is the
following stochastic equation for the mean-field self-consistent stochastic process (¥;)¢>o:

{ Yt:YO—i—fOth Y, — y)ps(y) dyds + V2uB; — Ry, t >0,

I ~ (1.6)
= f[yn(Y)d|Rls, |Rl:= [, 1op(Y.)d|R]s,
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where (p¢)i>0 is the marginal density of (Y;);>o for any ¢ > 0 and Y; has density po(z). The solution of
is considered in the strong sense when the Brownian motion By is prescribed. By It6’s formula , it can
be shown that the probability density function p; of Y; satisfies the KS equation in the weak sense (see
Definition below).

The goal of the present manuscript is to justify the mean-field limit from the particle system with
the Newtonian force to the mean-field KS equation (see Theorem . More precisely, we
show an explicit convergence rate from the weak solution of the mean-field equation to the empirical
measure associated with the particle system (|1.4). The main idea is to introduce an approximate mean-field
dynamics {Y,'} | satisfying (1.6]) and show that it well approximates the interacting particles { X}V, with
a regularized F for large N's. Our main contribution is to extend the propagation of chaos posed on the
whole space with a singular force or posed on bounded domains with bounded forces [15] to
bounded convex domains with a singular force. We also show a universal upper bound of the expectation of
the collision time in R? (see Theorem [5.1)).

Before proving the propagation of chaos, we need to establish the well-posedness of solutions for the KS
equation and the stochastic equation . There is a huge literature on the well-posedness of the KS

equation (see for example @ for the existence and to for the uniqueness). There

are also results for variants of the KS equation set on bounded domains with no-flux boundary conditions

(see for example ) In this paper, we use a coupling method to justify the

well-posedness of equations and . This coupling method has been used to show the well-posedness
for the KS equation in the whole space in . Its main idea is to make use of the link between the KS
equation and the stochastic equation driven by a Brownian motion. Our main contribution in
this part is to extend such coupling method from R? to the bounded domain case.

The layout of the paper is as follows: in Section [2| we explain in detail the settings of our equations and
the precise statements of the main theorems. In Section [3] we prove some technical lemmas that are used in
the proofs. In Section [4) we establish existence, uniqueness, and stability of the KS equation and the
stochastic equation . Finally, we show the finite-time collision and propagation of chaos in Section

2. SETTINGS AND MAIN RESULTS

In this section we explain the basic setting and main results in this paper. Our main approach in
investigating the mean-field limit with a singular potential is to apply a regularization mechanism .
To this end, let J(z) be a blob function such that

JeC®RY, J>0, suppJ(z)cC B(0,1), / J(z)dz = 1.
B(0,1)

For any € > 0, define J.(z) = E%J(%) and
F.(z)=J.*F(x). (2.1)
The regularized version of has the form
Xp© = X5+ w5 szj [y Fo(XPs — XY ds +V2uB)* — R}, i=1,---,N, t>0,
RV = fo n(X}°) d|R”| |Rbe|, = fo 1op(X5He)d|R>|s,

Here we assume that the initial data {X{}¥, are i.i.d. random variables with a common probability density
function po(z).
The global well-posedness of (2.2) is shown in Theroem 1.1], which states
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Theorem 2.1 ([15]). Let N > 2. For any initial data (X{)i=1,... N € D" and for any T > 0, there exists
at least one weak solution (X, Ry, By )iz1... n to system (2.2) on the time interval [0, T).

Remark 2.1. Note that the regularized system (2.2)) is the same as the original system (1.4)) before the
collision time 7 defined in Theorem [5.11

Next, we give the definition of weak solutions to the KS equation (1.1)).

Definition 2.2. Assume D C R? is a bounded convex domain with boundary 0D € C'. Let T > 0 and
0 < po(x) € L*>°(D). A probability density function p:(x) € L (0,T; L>°(D)) is a weak solution to (1.1)) if

| @@ s = [ pwota >dx+u/ | Ao o)z as
/ / p(@)F # py() - Vip() du ds, (2.3)
for any test function ¢ € C°°(D) satisfying (V¢,n) = 0 on dD.

In our first main theorems we establish the well-posedness of (|1.6) and (|1.1)) using the coupling method.

Theorem 2.3. (Ezistence) Let Yy be a random variable with density po € L (D). Suppose the singular
interaction force F is given by , Then there exists T > 0 such that equation has a strong solution
(Yy, Ry) and equation with initial data pg has a weak solution py € L™ (0,T; L°°(D)). Moreover, p; is
the density of Y up to time T.

One main tool we use in establishing the above well-posedeness result is the Wasserstein distance. For the
convenience of the reader, we give a brief introduction on the topology of the p-Wasserstein space. Consider
the space

P,(RY) = {f f is a probability measure on R¢ and / |z|Pdf(x) < oo} (2.4)

The p-Wasserstein distance in P,(R?) is defined by

1/p 1/p
_ ; _ P _ : _vip
Wit = (e ([ eewraren}) = (e {BIx-vp) L 1se<o @29)

and

We(f,g):== inf P-esssup |[X —Y|= inf x -esssup |z—yl, 2.6
(f:9) X~ f,Y~g P | TE€A(f, 9) (z,y)GDED| vl (26)

where A(f, g) is the set of joint probability measures on R? x R? with marginals f and g respectively and
(X,Y) are all possible couples of random variables with f and g as their distributions respectively. As a
slight abuse of notation, we also use W, (p1, p2) to denote the Wasserstein distance of two measures f, g with
densities p1, p2 respectively. In [53] Theorem 6.18], it has been shown that for any 1 < p < oo, the space
’Pp(Rd) endowed with the metric W, is a complete metric space. Using the Wasserstein distance, we will
establish the Dobrushin’s type stability for and . The result is given by the following theorem.

Theorem 2.4. (Stability and Uniqueness) (1) If {Y,}i—12 are two strong solutions to (L.6)) with initial data
{Y§}iz1,2 and densities {p}}i—1 2 respectively. Then there exist some constants C1, Cy depending only on D,
T, \lptllLos(o.r;L(py) and ||pillLe<(o,r;L= (D)) such that

sup P-ess sup |Y,' — V2| < Oy max {P—ess sup |Yg — Y|, (P-ess sup Yy — Y02|)exP(*C2T)} . (2.7)
t€[0,T]
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(2) Let {pi}iz12 € L™ (0,T; L>=(D)) be two weak solutions to (L.1]) with initial data {p}}i—1 2 respectively.
Then there exist some constants C1, Cy depending only on D, T, ||pt1||Loo(O’T;Loo(D)) and || p3|
such that

Lo (0,751 (D))

sup Woo(ph, ) < Crmax { Wb, 03), (Woe (0, 93710} (2.8)
t€[0,T]

Uniqueness then follows from the stability estimates.

Our second main theorem is to show the propagation of chaos and justify the mean-field limit of the
regularized particle system (12.2)). First, we recall the definition of a chaotic sequence [32}49]:

Definition 2.5 (p-chaotic). Let E be a Polish space and p a probability measure on E. Let {X'}Y | be a

sequence of exchangeable random variables. Then {X'}¥ | is p-chaotic if

N
1
uy o= N ;(5)(71 — p as measures when N — oo, (2.9)

that is, for any ¢ € Cy(D),

/¢duN—>/ dpdr  inlaw.
D D

A sufficient condition for the sequence {X*}& | to be p-chaotic is

Proposition 2.6. |15, Remark 1.4] Let p € P,(E) with p > 1. Let u™¥ be the empirical measure defined
in @9). 1If
E [W, (1™, p)] = 0 as N — o0, (2.10)

then the sequence { X'}V, is p-chaotic.
The result of propagation of chaos states

Theorem 2.7. (Propagation of chaos) Let p; € L (0,T; L*°(D)) be a weak solution to equation (1.1]) with
initial data py € L>®(D). Assume that {X}}X., are N i.i.d. random variables with the common density
po and {X°YN | satisfy the particle system (2.2) with the initial data {XZ}N.,. Let ;> be the associated

empirical measure given by
R
Xe )
Pt = — E 1 6X;,s . (2.11)
N =

Then there exist a cut-off parameter € ~ log_é(N) and constants C1,Co, Ny > 0 depending only on
o | 1o (py, D and T' such that

sup B [WQ(uffvf, pt)} < Chw(log™# (N))]=P-C2T)  for all N > Ny, (2.12)
telo,

where w(x) is defined in (3.2)).

Remark 2.2. In the theorem above, we assume that the initial data {X}} , are i.i.d. random variables with
the common density po. This is a stronger assumption than {X}}¥ , being pg-chaotic. Our theorem shows

that under this stronger assumption on the initial data, the system remains chaotic for a finite time.
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3. PRELIMINARIES

In this section we collect the technical lemmas that are used in the proofs of the main theorems. Through-
out this paper, we will denote any generic constants as C, which may change from line to line. The notation
IIf ||Lp(D) represents the usual LP(D)-norm for any 1 < p < co. We may suppress the dependence on D
when there is no confusion.

The first lemma contains some useful properties of the regularized force F;, which states

Lemma 3.1. [55] Let F. be the regularized force defined in (2.1)). Then
(a) F.(—x) = —F.(z), F.(z) = F(x) for any |z| > ¢, and |F.(x)| < |F(x)| for any x € RY.
(b) |0PF.(x)| < Cge'=41Pl for any x € R and |B| > 0.

An immediate consequence of Lemma [3.1] is

Lemma 3.2. For any function p € L>°(D), there exists a universal constant C' that only depends on D such
that for all € > ¢ >0,

(a) |Fe* pll Loy < Clipllz=(p)-
(b) [|[Fe*p—Ferxp ”Loo(D) < Cellpllze=(p)-

Proof. (a). By Lemma (a), we have

Ci
F, < F, — o < _ o < o .
Feol < ([ Fte=0an) lolleiy < ([ o= ) ol < Clo i

(b). By Lemma [3.1] (a) again, we have
P plw) = P p(o) < [ [P =) = Fo (o =) olo) dy

dy
< CIIpIILoo<D>/ —— < Cellpllr=py,
{y:lo—yl<e} 1T =Yl

where C is a generic constant. |
Using the above two lemmas, we can prove a crucial quasi-log-Lipschitz estimate for F.

Lemma 3.3 (Quasi-log-Lipschitz). Let X1, Xs be two random variables with densities p1,p2 € L>®(D)
respectively (X1 and Xo may not be independent). Suppose ro is large enough such that D C B(0,7q). Then
for any 0 <&’ <e <1, there exists a constant C' depending only on D, ||p1]|re~ and ||p2||Le such that

|F. % p1(X1) — For % pa(X2)| < Cw(e) + Cw (P-ess sup | X1 — Xal) , (3.1)
where
1, ifr>1,
w(r) = (3.2)
r(1—logr), if0<r<l.
Proof. Splitting the difference into two parts such that
Foox p1(X1) — For# pa(X2) = (Foo# p1(X1) — Foo* p2(X2)) + (FL * p2(X2) — For * p2(X2))
=: Il +IQ, (33)

we will derive the desired bound by bounding I3, I5 separately. The bound of I, is readily obtained by
Lemma (b), which shows that there exists a constant C' depending only on ||pz| L= such that
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The estimate of I; can be obtained by following the approach in |33, Lemma 1.4]. To this end, we

introduce the joint distribution of Xy and X5 as 7 := £(X1, X5). Then

|Il| = ‘// FE(Xl7I1)7F€(X271‘2)7T(d1171, dSEQ) .
DxD
Let ¢ be the constant defined by

£:=TP-ess sup | X1 — Xo|+7 -ess sup |z —y],
(z,y)eDXD

where
P-ess sup | X1 — Xo| :=inf {A > 0: P(|X; — Xz > \) =0},
and

m-esssup |o —y|:=inf {A>0:7({(21,22) € D x D : |1 — x2| > A}) =0}.
(z,y)eDxD

Note that by their definitions, we have

P-ess sup | X1 — Xo| =7 -ess sup |z —y].
(z,y)EDXD

Splitting |I1] into two parts, we have

‘// FE(Xl — LL’l) — Fa(XQ — .’172)7'('((213?1, dl’g)
DxD

// F.(X1 —21) — Fo(Xo — 2o)m(day, das)
({1X1—=z1|<2}ND)x D

// F (X, — x1) — Fo(X2 — xo)m(day, dus)
{|X1—=z1]|>2¢}ND)x D

=TI+ 12

<

+

Note that over the integration domain of I71, we have
| X — x| < | Xy — 1| + X2 — X1 + 21 — 22

< 20+ P-ess sup | X; — Xo| + 7 -ess sup |z —y| =3¢.
(z,y)€DXD

Therefore, I7; satisfies

¢ C
I < o . o )
"o /Xl—mg% | X1 — JU1|”l_1p1(x1) ne /|X2—I2|§3€ | X2 — x2|d_1p2(x2) 2

< Cllpr lloo + P2 [l oo (1)) €5
where we have applied the bound |F.(z)| < |F(z)|.

(3.5)

To bound |I;2|, we separate the two cases where 2¢ > 2¢ and 2¢ < 2¢. First, if 2¢ > 2¢, then |X; — 21| >

2¢ > 2¢. By the definition of ¢ we have
0> X1 —21] — | X2 — 22| > 20 — | X2 — 22|,
which implies | Xo — 25| > £ > e. Therefore, if 2¢ > ¢, then
F.(Xy—x)=F(X1 —11), F(Xo—12)=F(Xy—2x9),

and

Cl Xy — X1 + 21 — 29
F(X1 —a1) = Fo(Xp —22) <
(o) = X mm) S e T R X T )l

for some € € [0,1]
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Note that

| X1 — 21 +&(X2 — X1 + 21 — a2)| 2| X1 — 21| — | X2 — X1 + 21 — 29|

1 1
Z|X1 —.731| —/ Z |X1 —$1| — §|X1 —331‘ = §|X1 —J,‘1|.

Therefore,
C
5] < Xo—Xi+2—7 w(dzy, dz
[zl //{2£<X1z1|<r0}><D| ? P 2‘|X1—5101+§(X2—X1+9L“1—5102)|d (da1, dz)
2d To
<CY ——p1(r1)dz1 < Cllp1 || p C1og(=), if 2¢ > 2e. (3.6)
2@<|X1—LE1|§’I‘D |)(1 - x1|d L 2€
Thus it follows from (3.5)) and (3.6]) that
11| < CL(1 —log(¢)), ife<l<l. (3.7)

In the case where 2¢ < 2¢, we further divide I as

// F.(Xy —x1) — Fo(Xo — x)m(day, dag)
({|X1—z1|>2e}ND)x D

+ // |F5(X1 - 1’1) - FE(XQ - $2)| W(dl’l, d!I?Q) = Il(;) + I{? .
({2¢<|X1—z1|<2e}ND)x D

Iis <

The first term I g) is bounded in a similar as in the case 2¢ > 2¢, which gives

). (3.8)

To

1
13 < Cllpy || o <log(52

By Lemma (b), the second term Ig) satisfies

Ig) 5// |X1*X2*$1+x2\57d7r(dx1,dxg)
(‘X175E1|S2E}QD)XD

< Cfa_d/ plxy)dx; < CL. (3.9)
[ X1—21]<2e
Combining (3.8) and (3.9)), we have
I < Cwl(e), if 20 < 2e. (3.10)
Collecting estimates (3.5 and (3.10]), we derive that
|I] < Cw(e), if0<f<e.
Combing this with (3.7), we concludes that
|I] < Cw(e) + Cw(f), f0<l<].

where C' depends only on D, [p1 || e(py and |[p2 || (py- For £ = 1, it follows from Lemma (i) that
I;| < C. We thereby conclude our proof. O
| y p

There are two Gronwall-type inequalities used in the later proofs. The first one is

Lemma 3.4. |15, Lemma A.1] Let f be a nonnegative scalar function satisfying

F#) < foexp (C/Otf(s)dss), 1>0.

Then

Jo

f(t)ﬁm, t>0,

where C' is a positive constant.
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The second Gronwall-type inequality states

Lemma 3.5. Let {f-(t)}e>0 be a family of nonnegative continuous functions satisfying

2t < C’/O fe(s)w(fe(s))ds+ Cw(e)T  for allt €]0,T], (3.11)

where C' > 0 is a constant, T is independent of €, and w(x) is defined in (3.2). Suppose € is small enough
such that Cw(e)T < 1. Then there exist two constants Cp and 0 < Ay < 1/2 depending only on T and C
such that if w(e) < Ay, then

sup f:(t) < CTw(E)%(CT <1 (3.12)
te[0,T)

Proof. Let R. be the continuous function defined by

R.(t) := C’w(e)TJr/O Cfe(s)w(fe(s))ds.

Since R.(0) < 1 and R.(t) is continuous in time, there exists T* > 0 such that R.(¢) < 1 for all ¢t € [0,T™).
We will show that such T* can be extended to T by choosing e small enough. Indeed, for w(e) < 1/2, define

%log(l - %log(w(e))) . (3.13)

Then F is an increasing function and the particular choice of T, satisfies

F(s) := exp(1 — exp(—Cs))w(e)2 *P(-C%) and T, :=

1 1
F(T.)=1, . > 510g (1 + 2log2> >0, w(e) < 1/2. (3.14)

Now we show that 0 < R.(t) < 1 for all ¢ € [0,7.). We prove this by contradiction. Assume there exists
T, < T: such that
R.(t) <1 forany t € [0,77) and R.(Ty)=1.

Since w(z) = x (1 —logx) on (0,1] and it is nondecreasing, by (3.11) we have
dR.(¢)

5 = Clw(f=(1)) < C(R=(1)Pw((R=(t)'?), (3.15)
which gives
ot = gD < Lo (r0)2) < or) (1 - og((R0)D))

Solving this differential inequality on ¢ € [0, T3], we get
(Rg(t))% < el (=3 log(Cw(e)Ta))e™ M exp(l — exp(—CTl))w(E)%eXp(_CTl) = F(Ty). (3.16)
By the definitions and properties of F,T7,T., we have
(Re(T1))* < F(T1) < F(T2) = 1,

which contradicts the assumption R.(T7) = 1. Hence we have proved that R.(t) < 1 for all ¢t € [0,T;) with
T. defined in (3.13). Notice that by the definition of T;, there exists Ag < 1/2 depending only on C' and T
such that T, > T for all w(e) < Ay. For such € we have

R.(t) <1 for all t € [0,77].
Then repeating the derivation of (3.16]), we obtain that

cT

f-(t) < (R-(t))? < F(T) < Crw(e)2¢ " forallt e [0,T].
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4. WELL-POSEDNESS OF THE NONLINEAR SDE AND PDE

In this section we establish the well-posedness of the nonlinear SDE (1.6) and show that the marginal
density of its solution is the unique weak solution to the KS equation (1.1).

4.1. Regularized system. The existence of solutions to and will be obtained through the con-
vergence of approximate solutions to regularized versions of and , where the singular force F' is
replaced by F. defined in .

First, we show the well-posedness of the regularized PDE

op; = vLp; =V - [piFexpf], z€D, t>0,
pi (2)]e=0 = po(z), zeD, (4.1)
(vVpi — piFe * pi,n) =0, on 9D.

Proposition 4.1. Suppose pg € L>°(D). Then there exists T > 0 independent of € such that equation (4.1)
has a weak solution p5 € L (0,T; L>° (D)) with the bound

sup ||pfllL=(p) < 2|lpollp(p) - (4.2)
0<t<T

Proof. In order to show the existence of a weak solution to (4.1]), first we consider the regularized equation

0 pS =vApS =V [piFx pf°], weD, t>0,

P (@)]1=0 = pi(). z€D, (4.3)
WVPE? — piOFox pi° n) =0 on 0D,
where pd € C™(D) satisfies
13|y < NP0 Nl ooy s P —po in L' as 3 —0.

Then for any fixed ¢,d > 0, there exists 77 (which may depend on ¢,¢) such that system (4.3]) has a smooth
nonnegative solution p5*° € C([0,T1); (D)) c.f. [12]. In order to remove the dependence of T} on €, 6, we
show (a priori) that there exist T',C' > 0 which only depend on ||pg ||« and the domain D such that

oo H <cC. (4.4)

S ] ‘ Lo (D)

tel0,T
Indeed, for any p > 2, we have

£, p
d‘/’t

—5 - p/D(p?‘S)”‘l(VA,O?‘S =V (pi " Foxpp")) de

:;m//8]3(/5’5)”’1%?‘s -ndS(z) *pV/DVpi"s-V((pf"s)”’l)dx

0 [ P E i nas(e) 4 [ g () e
b D

£,0\p— £,0
—~plp— 1w [ (P
D
re-organize equation (4.5)) as

p
o]
ol -1
dt P

Yotp [ pOF i V(P e (49)
D
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By (a) in Lemma [3.2] one has

s\E s 5\ 5 S\E s e
[ entrep s <l | e || venn)| (4.7)
D L>=(D)
Applying Cauchy-Schwarz inequality in (4.6), we obtain
|}
‘ dv(p—1) sy |2 2v(p—1) 5\ 2
” O, < BT ol 18
Gt [V < V() N 1 I
where C' is independent of ¢, 6, and p. Gronwall’s inequality then leads to
t
6 2
€ Hp < Hpg Hpexp (C/O oS HLOO(D) ds) for any p > 2. (4.9)
Now we send p — oo to get
¢
£,0 &) s 12
6] ) < 168 iy esw (€ [ 102 e a5) (1.10)
Finally, applying Lemmawith f@) = ’ HL o) yields that
5|2 2
2 12 oo oo
’ pi,a H < H 0 HL (D) . o lI7 (D) (4.11)

0 " 120 eyt L= 2C T eyt

Therefore, the uniform existence time 7' can be chose as

3
-
8C |lpo Iz (p)

such that

5
: HLOC <2llpollpepy — on[0,T).

Therefore there exists a pf € L™ (0,T; L>°(D)) such that up to a subsequence,
P50 =% pS i L™ (0,T; L=(D)). (4.12)

Now we show that p$ is a weak solution to (4.1)). Notice that for any ¢ € C*°(D) satisfying (Vé(x),n(z)) =
0 on 9D, we have

[ i@t an= [ pworar [ [ st

// 2)F. % p20 () - V() dar ds (4.13)

Then by taking a continuous version of the left-hand side and (4.12)), we derive that

| if@owas [ gwowar. [ d@oaar— [ ot da
//A¢5 dxds—>v//A¢ o () da ds
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as 6 — 0. For the last term on the right-hand side of ( m7 we have

x)F. x p20(x) - Vo(x d:cdsf// x)F. x p5(x) - V() deds

z)F. % p20 () - Vo(x dxds—// x)F. * pS(x) - Vo(z)dxds

2)F. % p(x) - Vo(z) dwds — / / P (2)F. + () - Vo(z) duds

§C’/O /D|Fs*( —p)(z)|dsdx 4+ C (z)dxds|. (4.14)
By , one has
(r)dzds| —0 asd—0. (4.15)
Notice that for any = € D, one has
e (p2° = p2) ()] < /D Fo(x —y)(p2°(y) = pi(y))dy = 0 as § =0, (4.16)
since F. € L1(D). Tt follows from the dominated convergence theorem that
/Ot /D |Fx (p5° — pS)(x)|dsdz — 0 as § — 0. (4.17)

Therefore,

// x)Fe * p ()-V¢(x)dxds—>/0 /Dpi(x)Fg*pi(x)-qu(x)dxds as d — 0. (4.18)

Combining the above limits, we have shown that p§ is a weak solution to (4.1)) in the sense that

[ siwowan= [ powya v [ [ sspidsas

t
+ / / p2(@)F. + () - V(z) da ds.
0 D
with the bound in . O

Next, we show that for any weak solution pf € L (0,T; L>°(D)) to (4.1)). One can construct a process

YF with pf being its density function, which satisfies regularized self-consistent SDE

YE=Yo+ [ [ Fo(YE — y)pi(y) dyds + V2B, — 5, t>0, (1.19)
= Jy (V) dFe|,, (Rl = fy 1op (V) IR, '

where we require Y possessing a density function p$(x). The result states as follows

Proposition 4.2. If p5 € L> (0,T; L>°(D)) is a weak solution to (4.1) with the initial data po € L>=(D),
then given any random variable Yy with the density po, there is a process Y with the marginal density p§
satisfying (4.19) with the initial data Y.

Proof. Consider the following linear PDE

pt(x)|t:0 = po(z), x € D and (vVp; — p/V:[ge],n) =0 on 9D, .
where V.[g:] = [, F: 9:(y)dy, g:(x) € L= (0,T; L>°(D)) is a given function. According to Lemma

(1), the term V.[g] is bounded7 thus the linear PDE (4.20)) has a unique weak solution in L>°(0,T; L(D)).
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Next let V. [pf] = [, F-(x—y)pf (y)dy, where p§ € L> (0,T; L>(D)) is a weak solution to (.1). According
to [48, Theorem 1.1}, the following SDE

{Y = Yo+ [y Velps)(YE) ds +v2uB, — R;, >0,

- (4.21)
fo n(Yy) d|RE s |R6|t = fo Lop(Ys) IR,

has a strong solution Y,* with density 55 since V.[p$] is smooth. For ¢ € C>°(D) satisfying (Ve(x),n(z)) =0
for € 0D, one applies [t6’s formula:

t
1 / (Y2 TV (V) Y

00 = 00 + [ (Vo). av2) + 5

— $(Yo) + / (VO(YE), Valpf](Y)) ds + v/ / (Vo(Y?), dB,)

-/ Vo), R + v / AG(Y) ds. (1.22)
0 0

Using the boundary condition, one has

/ (Vo(Ye), dits) = / (VoY) n(YE)) d|FE, = 0. (4.23)
0 0

Taking expectation on (4.22)), it follows from above that

[ Fi@otar= [ pwota dx+y//A¢ — dxds+//ps V(e deds.

This implies that p; is a weak solution to associated to V;[p§]. Notice that pS is also a weak solution to
(4.20]) associated to V.[pf]. By the uniqueness of weak solution to (4.20), we obtain p§ = 5;. Hence we have

proved that there exists a process Y7 with density p; which is a strong solution to the regularized mean-field

dynamics ((4.19)). O

4.2. The original system. Now we show the proof of Theorem [2:3] which asserts the existence of solutions

to the SDE (|1.6) and the KS equation (|1.1)).

Proof of Theorem[2.3 Note that the existence of weak solutions to the KS equation follows from
applying the It6’s formula on SDE (|1.6)). Thus we focus on proving the existence of a strong solution to the
SDE (1.6]), which is obtained by first constructing approximate solutions to the regularized SDE and
then passing to the limit.

To this end, we let € > &’ > 0 be arbitrary and F, F./ be the corresponding regularized forces. Denote
%, pi, are two weak solutions to with the same initial condition pg € L*°(D). Then there exists
T > 0 independent of €, " such that [|pf ||« (p) and ‘ oS

According to Proposition we can construct two processes Y,°, Yf/ satisfying (4.19)) with the same initial
data Y and Brownian motion By, which have density functions p; and pfl respectively. We shall show that

) are uniformly bounded in € and &’ on [0, T).

there exist constants C, C'r, and ¢y depending only on D, T and ||po ||, such that if 0 < &’ < e < &g, then
sup Wi (pf,p5) < sup Peess sup |Y7 — Y7 | < Crw(e)®® . (4.24)
te[0,T] te[0,T]

Indeed, by applying It6’s formula to Y;® — Yf', we have

S

t
Ve - YR =2 / (Y5 =Y Fox p(Ys) = Forx p (YS) ds
0

t

t
2 [ Y IR 2 [ - Y iR
0 0
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By the convexity of the domain D, one has
(r—y)-n(z) >0 forany x € 9D and y € D.
Consequently,
(Y —YE n(Y?)) >0, d|R°|, almost surely
and
(Y2 —ve n(YS)) >0, d|R|s almost surely.

Therefore, by Lemma we have

t
i YR <2 / (YE—YE Fow p3(YE) — Fo % p5 (YE)) ds
0

Fox pg(Ys) — Forx pS (Ys)

S

t
§2/ Ve - Y7 ds
0

t
<9 / Y7~ ¥ (Cwle) + CloBress sup [v7 — YE))) ds
0

t
< Cw(e)T + C’/ Yy — Y |w(P-ess sup |Yy — YY) ds,
0

where C only depends on D, |pf |, and H i ’ . Hence, by Lemma , there exist constants Cr, €g
oo

depending only on C' and T such that if € < &g, then w(e) < Ag and the following holds

sup P-ess sup |Y7 — Y7 | < CTw(E)%ech, (4.25)
t€[0,T]

Therefore (4.24)) holds. Hence there exists a limiting stochastic process Y; € C([0,T], D) such that

sup P-esssup |V —Y;| =0 ase — 0. (4.26)
t€[0,T]

Assume that Y; has the marginal density p;. Then by the bound

sup Wao(pf, p1) < sup Peess sup Y7 — Y,
te[0,T] te[0,T]

we deduce that

sup Woo(ﬂiﬂt) —0 as e — Oa
t€[0,T]
and p, € L™ (0,T; L>°(D)).
We are left to show that there exists R; such that (Y:, R;) is a strong solution to the SDE (|1.6). By

Lemma, and ,

t t
/ (F. % pS(YE) — F* ps(Ys))ds| < C/ w(P-ess sup |Yy — Yy|)ds + Cw(e)t — 0  uniformly in ¢ (4.27)
0 0

as € — 0. We define the boundary process ﬁt as
t
Ry = — (Yt—YO—/ F*pS(YS)ds—\/QVBt> , (4.28)
0

such that (Y, Ry) is the strong solution to the SDE (L.6). The properties of Ry in (I.6) are verified in the

same way as in [15, Step B on page 13|, whose details are omitted here. ([

Similar to Proposition we show that any weak solution p; € L°°(0,T;L>(D)) to (L.1) can be
represented as the family of time marginal density of a solution to (L.6]).
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Proposition 4.3. If p, € L (0,T; L°°(D)) is solution to (L.1)) with the initial data py € L>°(D), then given
any random variable Yy with the density po, there is a process Y with the marginal density p; satisfying (1.6)
with the initial data Y.

Proof. Proposition [4.2|is a regularized version of this proposition, so the proof is almost the same. To this
end, we change Vz[g;] into V[g¢] = [}, F(x — y)g:(y) dy. The details are omitted here. O

Using Proposition [£:3] we prove the stability estimates in Theorem [2.4]

Proof of Theorem[2.4) First we prove stability of the nonlinear SDE (1.6]). Using similar arguments as in
the proof of Theorem we apply [t0’s formula and get

t
Vi V2R = [ - YRR 2 [ (V- YA F gl — F e p(v2) ds
0
t

t
2 [ AR 2 [ (07 - V() ),
0 0

t
IV - YR [ (- YA F V) - F ) d, (4.20)
0

Then it follows from Lemma that there exists a constant C depending only on ||Pl||L°°(0,T;Loo(D)) and
10%(| o< (0,70 (D)) Such that

t
Vi YPR <% = YR 4+ O [V - Yi(Pess sup V)~ Y2 ds, (4.30)
0

The bound of |Y;! — Y;?| is derived by considering three possible cases:

Case 1: There exists a small enough constant Co(T) such that P-ess sup |V — Y#| < Co(T). Here
Co(T) is determined by Lemma Actually, we can treat P-ess sup |Y,! — Y| as f.(t) in Lemma [3.5| and
|Ygh — YZ|? as Cw(e)T. Suppose that P-ess sup |V, — YZ| < Co(T) < 1 sufficiently small. Then there exists
two constants Cr and 0 < Ag < 3 depending only on C and T such that if |Yj' — YZ[? < Co(T)? < Ay, then

P-ess sup |V;! — V2| < Cp{P-ess sup |Yg — YZ|}PCT) <1 forall t € [0,T). (4.31)

Case 2: If P-ess sup |V — Y§Z| > Co(T) and P-ess sup |V} — Y;2| > Co(T) for any t € [0,T], then by the
definition of w(r), one obtains that there exists a constant C; depending only on Cy(T") such that

w(P-ess sup |V} — Y2|) < CyP-ess sup Y, — Y?|  for all t € [0,T]. (4.32)
Thus it follows from that
Y- 2P < 1% - g+ oie | ¥ V2 [Press sup [Y) — ¥2|ds. (433)
Applying the Gronwall inequality, one has for any ¢ € [0, T,

1
P-ess sup |Y,' — Y| < P-ess sup |Yy — Y§| (1 + CC1Te“T)2 . (4.34)

Case 3: If P-ess sup |V —YZ| > Co(T) and there exists a tg € (0,T) such that P-ess sup |Y,' =Y2| > Co(T)
for t € [0,20) and P-ess sup |V;) —Y;2| = Cy(T'). In this case, the estimate for the interval ¢ € [0, ) is reduced

to the Case 2 and one has
1
P-ess sup |Y;' — Y| < P-ess sup Yy — Y| (1 + CC1Te“T)? . (4.35)
Over the interval [tg, T, choosing ty as a new initial time and repeating the proof in Case 1 gives

P-ess sup |Y;' — V2| < Op{P-ess sup |Y;} — Y2|}*PCCT =) for all t € [to,T]. (4.36)
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By (4.35) and the continuity of P-ess sup |Y,! — Y;?|, one has

P-ess sup |V} — V2| < P-ess sup |Yy — Y§| (1 4+ CC1Te )2 (4.37)

Combining (4.35)), (4.36) and (4.37), we obtain

P-ess sup |Y;' — Y?| < Cy max {P-ess sup |Yy — Y|, {P-ess sup |V — YOZ\}eXp(_CST)} , (4.38)

for any ¢ € [0, 7). Combining (4.31)), (1.34) and (4.38) finishes the proof of (2.7).

Next we prove the stability of the KS equation . Let pt, p? € L* (0,T; L>°(D)) be two weak solutions
to with the initial conditions pj, p3 € L°(D) respectively. Take two initial random variables Y and
Y{# such that

Weo (pb, p2) = P-ess sup |Yy — Y. (4.39)
By Proposition we build two self-consistent SDEs such that
sz-fi = YOZ + f()t fD F(Ysi - y)ﬂ;(y) dyds + v QVBt - E%a t> Oa 1= 1727
i t iy q| P i t iy | P
Ry = [yn(Y{)dR']s, [R'|: = [y 1op(YS)d|R's,
which have unique strong solutions (Y;');>0 with (p});>0 being the marginal density of (Y!);>o. Hence it

follows from (2.7)) and (4.39) that

sup Weo(py, p7) < sup P-ess sup [V,! — V7|
te[0,T) te[0,T]

< (1 max {]P’—ess sup |Yy — Y|, {P-ess sup |Yg — Y02|}e"p(_02T)}

= Cl max {Woo(pé7 pg)7 {Woo(p(1)7 pg)}exp(_CZT)} )
which leads to the desired stability estimate ([2.8]). O

5. PROPAGATION OF CHAOS

In this section, we show an estimate of the collision time between particles and prove the propagation of
chaos result stated in Theorem

5.1. Collision time between particles. It is known that in R?, if 87 < ||pg ||; = 1, then solutions to the
Keller-Segel equation (|1.1)) concentrate within a finite time [18]. In this part, we show a similar bound for
the expectation of the collision time for the interacting particle system (|1.4]).

Theorem 5.1. Assume d = 2 and {X,}Y, be N i.i.d. random variables with a common density py. Let
{(X§, RN, be weak solutions to (1.4) with the initial data {XE}Y.,. For any fived T > 0 and 87v < 1, we
define

A(t) := inf min|X? - X7|,

0 ife > A(0),
nir T = { ©) (5.1)
s€[0,t] i#j

sup{t AT : A(t) > e} ife < A(0),
where t AT = min{t,T}. Let 7 = liII(l) Te. Then the expectation of the collision time satisfies
E—

27E [| X} — Xo[?] 1L
< Xo=—Y Xi. 5.2
s s 0T N ; 0 (52)

Proof. Since system ([1.4]) has a weak solution until the collision time 7 and F.(x) = F(z) for any |z| > ¢, we
know that X! = X° and F.(z) = F(z) for t € [0, 7.], where {X}*}Y | is a global solution to the regularized
particle system (2.2]). Let us denote

1
Xo ;:NZ;X(Z).
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By the Ito’s formula and (2.2)), for ¢ € [0, 7], one has
t N
X3 — Xof? = | X} — Xof* + 2/ Xi = Xo, o STF(XE - X39) ) ds
t o s ’ N —1 - s s
J#i
+ 2/ (X2 — Xo, V2udBY®) — 2/ (X% — Xo, dRY®) + 4ut
0 0
t 1 N
< X6 — Xol2+2 X~ Xo, —— Y F(XIF—-X79))d
—|O 0|+/O<S 07N_1Z(s s)>8
J#i
t
+ 2/ (X5 — Xo, V20 dBLe) + 4dut, (5.3)
0
where we have used the convexity of the domain D such that
t t
/ (X5 — Xy, dRL) = / (X5 — Xo, n(X;))d|R"|s > 0. (5.4)
0 0

Then summing (5.3)) for all i’s, one has

N N N t

i i 2 i i j
>IN0 XoP < 1K - Kol + g D0 [ (XE - Xo, FOXI - X2 ds
i=1 i=1 - 0

i,j=1
i
N t ‘ ‘
+2Vw / (X — Xy, dBY®) +4uNt. (5.5)
=1 0
Next we verify that fOTE IE[|XZ"E — X0|2} dt < oo which implies that [22, pp.28, Theorem 1]
t . .
E [ / (X0 — X, de"ﬂ 0. (5.6)
0
Indeed, notice that
2 L, . . 1 K . : : N
N_o1 D (XD = Xo, F(XP® — X19)) = N_1 D (XEE - XPE, F(XPT - X19) = o (5.7)
i,j=1 ij=1
iJ#j ij?éj

By (5.5) and the exchangeability of {(X}*);>0}¥, one has

2

t
/ (X% — X0, dBY°)
0

};

with the last inequality coming from the It6’s isometry. Hence it follows from Gronwall inequality that

i i t
E[| X7 — Xo|*] S E[|X§ — Xo|?] + 4wt — o= T 2@{1@ l

¢ 1
<E[|1X) - Xo|*] +4vt +2v2v (/ E[| X — Xo[?] ds) ) :
0

/ E[| X} — Xo[?] dt < oc. (5.8)
0
Taking expectation of (5.5) and choosing ¢t = 7. in (5.5]), one has
. . 1 1
0<E[| X5 — Xo)] <E[|IX{— Xol*] + <41/ - %> Elr.] = E [|Xg — Xo|*] + <41/ - 277) E[r.]. (5.9)

By the positivity of left hand and 87v < 1, we obtain

o 2E [1 X5 — Xol?] .
- 1 — 8w
Hence, the desired bound for 7 holds by the monotone convergence theorem. O

E[r.] (5.10)
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In order to prove Theorem we first show the following lemma:

Lemma 5.1. Let {X°}N | be N exchangeable random variables on D satisfying 2.2). Let {Y;"*}N | be N
i.i.d. random variables on D satisfying (4.19) with the common density p; € L™ (0,T; L>°(D)). Then there
exists a constant C > 0 depending only on T, D and ||p° ||L°O(O,T;Loo(D)) such that

N
1 i j 3 5 — % i
Csup | > F(XyT = XP) — | PV —y)pi(y)dy| < O sup [XPT - Y|+ A,
i=1,---,N N-1 i D i=1,---,N

where Hy s given by

N
1 i j i
Hy = sup N_1 ZFe(Yt YY) - / Fo(Y)"" —y)pi(y) dy| , (5.11)
i=1,--- ,N i D
and it satisfies
CE_Z(d_l)
E[[Hn[*] < ~N_1 (5.12)

Proof. For i = 1, we split the error

N
1 4
N_1 ZFs(XtLE - X)°) — /D Fs(Y;LE —y)pi(y) dy
j=2
. : . :
S |FoT L X o 2 RO )
j=2 j=2
1 & :
TIN 1 S (Y} -Ye) - /D PV, —y)pf(y) dy| =: || + | I2]. (5.13)
j=2
By Lemma [3.1] (b) one has
1 N . . 8_d N . .
0] < 55 2O =Y+ 1X07 = YP ) = O S IXPT -V ()
Jj=2 j=1
This shows
|| <Ce @ sup |X)°—Y5 (5.15)
i=1,---,N
Next, we rewrite I as
;X
j=2
with
Zj = F(Y, " =Y/ - /D E(Y —ypi(y)dy,  j=2. (5.17)
Since {Ytj’s §V:1 are i.i.d. random variables, it holds that
E[Z;Z,) =0,  j#k. (5.18)
To see this, we consider Y;l’e is given and denote
E'[] = E[|Y;"). (5.19)

Since Z; and Zj, are independent for j # k, it holds that E'[Z;Z;] = E'[Z;]E'[Z)] = 0 when j # k. Hence
E(Z;Z) = EaE'[Z;Zx] =0,  j#F, (5.20)

. . 1
where E; means taking expectation on Y, .
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Hence, one concludes that
CE—Q(d—l)
< RN
- N-1
(5.21)

1
N-1

E[|I2[*] < E[|Z2)?] < E

2
g [FRoe v+ ([ Rt - i a)
- D

where we have used Lemma [3.1] (b) and Lemma (a). Combining estimates (5.15) and (5.21)), we have

N

1 j i i
T RO =X - [ RO i)y < 0 s NP YR, (522)
j=2 =1,
with the bound (|5.21)) for I5. The same estimate holds for the case i =2,--- | N. O

To prove the propagation of chaos, we need to introduce an auxiliary stochastic mean-field dynamics
{Y 1N | satisfying

; ) ¢ i i_ pi ;
{Y =Yg+ Jo Jp FOY —9)pa(y) dyds + VavBi ~ Rj, 1>0, i=1-.N, (5.23)

= Jo n(Y)dIR s, |R| = [y Lop (Vi) dI R,

where (p;);>0 is the common marginal density of ({Y,/}Y);>0 for any ¢t > 0. Here we set the initial date
(Yd)iz1,.. n = (X{¢)iz1,... n i.i.d. sharing the same density po(z). In other words here ({YZ}Y );>0 are N
copies of the strong solutions to .

Finally, we present the proof of Theroem regarding the propagation of chaos.

Proof of Theorem - It follows from Theorem [2.I] Theorem 2.3 and Theorem [2.4] that there exists a weak
solution {X/°}N, to and a unique pathw1se solution {Y’ v, to with marginal density p; on
the time interval [O,T] for some T > 0, such that p; € L (0,T; LOO(D)). This implies that we are able to
define solutions for those two equations on the same probability space with the same initial condition and
Brownian motion.

Let {Y;"*}| be the N copies of solutions to regularized mean-field dynamics (#.19). Then it follows from
the same argument as in the proof of , we obtain that there exists constants Cr, €9 depending only on

T, 16 [l oo (0,75 (py) @0 {2 || oo (0,775 () Such that if € < e, then for any 1 <i < N
i,€ ] l.-orT
sup P-esssup |V, — Y| < Crw(e)2® . (5.24)
t€[0,T)

Using the similar argument as in the proof of Theorem [2.3] it follows from It6’s formula that
|Xi>8—Y’V€|2=2/ xie —yie, L ZF Xie - X7°) /F Y —y)pi(y)dy ) ds
t t o N t

J#l
t

t
—2 [0 V) AR - 2 [ (- X () AR,
0 0

t t
vz v B <2 |- vie aB)
0 0

! 1,€ ZE 1 2, E 2,€ £
gz/o <X —Yh _1ZFX - X7 /FY —)t(y)dy>ds

J#i

t t
+ 2/ (Xbe —YEe dBYe) — 2/ (Xbe —Y5e dBY), (5.25)
0 0
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where in the second inequality we have used the convexity of the domain D. Applying Lemma[5.1] one finds

t
X, -V )2 < 2/ | X5 — Ve (Ca‘d sup | XD - Y|+ ’HN) ds
0 i=1,---,N
t ) ) o _ )
b2 [ oo vic apie) -2 [ e - vie as)
0 0

t
< C’e*d/ sup |XD® —YPE2ds + CHNT
0 i=1,-,N

t t
b2 [ oy amie) -2 [ oo vie s, (5.26)
0 0
If we can show that
E [1X}° - ¥9?] < +o0, (5.27)
then according to [22, pp.28, Theorem 1] one has
t t
E { JRCEE dB;kﬂ _E { JRCEE A dB§>] 0. (5.28)
0 0
In order to prove ([5.27)), take the expectation on (5.26)). This gives
t (d—
) . _ ) CTe—(d=1)
E { sup | X,° — YZ’E|2} < C’&?*d/ E [ sup | X2° — Y;”EQ} ds + e, (5.29)
i=1,--,N 0 i=1,---,N N -1
where we have used
o 1 CE_(d_l)
EllHnl] < (E[[HN[T])? < N1 (5.30)
Applying Gronwall’s inequality, we have
. _ _ , 3 —d+1 —d
E [ sup | X, — Yt] < <1E { sup | X[ — Yt”EIQD < GreT 2 ep(OreT) (5.31)
i=1,---, i=1,--,N (N —1)1

for allt € [0,T]. Let ¢ = (%)’5, then one has

QD < Nilog(N) oyt log(N),  (5.32)

E| sup |X/° —Y”} < (E[ sup X} —Y*
L_l,--P,N| K el s i:l,--p,NI K k ~ 8Cr(N — l)i
which verifies ((5.27) thus (5.28)).
Now recall the definition of the empirical measures
1 & 1 & 1 &
X,e ) Ye . Y _ .
Mo =75 ; 6XZ’»5a Pe =N ; 5y;>5» Pe = ; 5Y;v (5.33)
and notice that
N
1
= D Oxiebyie € Al ). (5.34)
i=1
Then by the definition of W, distance one has
Wao (i — p ) <o -esssup |o—yl < sup X} — V. (5.35)
(z,y)eDxD i=1,--,N
This leads to
E [Wao (12 = i) <E [ sup | X} = ¥,°|| < ON~+ log(N) (5.36)
i=1,,N
(5.37)

and
sup |V, — Yl] < Crw(e)® T < Clw(log™ 4 (N))]oP(-CT),
...N

E | Wao (3 © — i’ )} <E {1
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Furthermore, it follows from the the convergence estimate obtained in [20, Theorem 1] that

N-% + N~ 7, if d < 4 and g # 4,
_1 _g9=2 .
E[W3(ui —p)] <C{ N 2log(N+ 1)+ N "« , ifd=4andq#4, (5.38)
_2 a2 : d
N d+N EI lfd>4andq#m

Combining inequalities ([5.36) and (5.37)), we arrive at

E [Wz(uf{’a - pt)] <E [Wz(utX“E - uty’a)] +E [Wz(utY’E - uf)} +E W — po)]
<CE [Wao(1™* = 1)) + CB [Wao(* = )] +E 2l = p0)]
<CN™3(log N) + Cluw(log™ # (N)| P~
N~ 4+ N, if d < 4 and q # 4,

FONTH(og(N 4+ 1) £ N ird=dand g # 4,

N~% 4+ N~ =, ifd>4andq7é%,
<Clw(log™# (N))]=»=CT), (5.39)
which completes the proof. O
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