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Abstract

We present an alternative derivation of the H!-boundedness of solutions to a generalized
Hasegawa-Mima equation, first investigated by Grauer [4]. We apply a Lyapunov function
technique similar to the one used for constructing energy bounds for the Kuramoto-Sivashinsky
equation. Different from Grauer [4], who uses this technique in a Fourier space approach, we
employ the physical space construction of the Lyapunov function, as developed in [I]. Our
approach has the advantage that it is more transparent in what concerns the estimates and the
dominant terms that are being retained. A key tool of the present work, which replaces the
algebraic manipulations on the Fourier coefficients from the other approach, is a Hardy-Rellich
type inequality.
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1 Introduction

We consider the following extension of the two-dimensional Hasegawa-Mima equation derived in
[8] and later analyzed by Grauer [4]:

(1 — Ayu = —kuy — auyy + {u, Au} + B{u,uy} + Adu. (1)
Here, k, a and  are positive constants and {-, -} denotes the Poisson bracket

{f,9} = ((“)xf)(@yg) - (ayf)(azg)-

We require that u(z,y,t) is periodic in y with period L, and antisymmetric and periodic in z
with period 2L, for all times. Note that the equation is invariant under the change u(x,y,t) —
—u(—x, Y, t) :

The Hasegawa-Mima equation [6],

01 — Ayu = —kuy + {u, Au}, 2)

models the dynamics of electrostatic drift waves, here described by the electrostatic potential
flutuations u. Drift wave turbulence is of particular interest to plasma confinement in tokamaks
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and controlled nuclear fusion research [7]. The Hasegawa-Mima equation is similar in structure
with the 2D incompressible fluid equations, written in terms of the stream-function. In fact, the
same equation was derived in a geophysical context by Charney to describe the dynamics of Rossby
waves [10]. Among other similarities with the 2D fluid equations, has an inverse energy cascade
from small to large scales and forms dipole vortices and other coherent structures [7].

Liang et al. [§] extend the original model in several ways. First, they consider the electrons
to be non-adiabatic, and introduce the so called E x B drift nonlinearity, described in by the
term B{u,u,}. The E x B drift transfers energy non-locally from large to small scales (as in
3D turbulence) and therefore competes with the polarization drift nonlinearity {u, Au} originally
considered by Hasegawa and Mima. Second, Liang et al. consider the destabilizing term —o,,
due to trapped particle instabilities. Finally, they introduce an energy sink. Similar to Grauer [4],
we take a 6th order damping term, A3u.

The Hasegawa-Mima equation conserves the H'-energy, as can be easily checked by multiplying
by u and integrating over the spatial domain, with use of the periodic boundary conditions.
Hence, using energy methods, existence and uniqueness results for Hasegawa-Mima equation can
be established [5]. The generalized Hasegawa-Mima equation does not conserve (or dissipate)
the H'-energy, due to the destabilizing anti-diffusive term —ayy. Indeed, after multiplying by
u and integrating with the respect to space over [—Lg, Ly] x [0, L,], we get

8,% / (u® + (Vu)?) dedy = « /(uy)2 dxdy — — /(VAU)2 dxdy. (3)

Clearly, the right-hand-side of is not sign-definite and no conclusive statement regarding the
energy behavior can be immediately drawn. Grauer [4] makes an analogy with the Kuramoto-
Sivashinsky (KS) equation,

Ut = —UUgy — Uggy — Ugzzx (4)

a model for certain hydrodynamic problems, in particular the propagation of flame fronts [11].
Indeed, multiply and integrate over space, using the periodic boundary conditions, to get an
energy evolution that has no definite sign in its right-hand-side:

8t;/u2dx = /(um)zdx - /(umx)QdZL'.

The spectrum of the linear operator in has a number of unstable modes that grows linearly with
the size of the period. Upon reaching large amplitudes however, the linear instabilities are compen-
sated by the nonlinearities and the high-order dissipative term, through an intricate stabilization
mechanism. Numerical experiments confirm this stabilizing scenario.

Various methods have been developed to show energy bounds for the KS equation. In particular,
the Lyapunov function technique, that has seen constant improvements over the years [9, 2], 3, 1],
uses a suitable background flow to absorb the instability. Grauer [4] applies this technique to
show H'-energy bounds for solutions of the generalized Hasegawa-Mima equation . He uses the
approach developed in [2], where the L?-energy bound is shown through calculations done entirely
in the Fourier space. The estimates in [4] then reduce to various (clever) algebraic manipulations
to bound the contribution from the destabilizing or sign-indefinite terms by the Fourier coefficients
generated by the 6th order dissipation. We think that this approach obstructs to some extent the
intuition behind the various terms that are involved in the calculation, in particular the way they
get subdominated by higher order, sign definite quantities.



In the present article we offer an alternative derivation of the H'-energy bound for solutions
of by following the physical space approach developed by Bronski and Gambill [I] to show
sharper L2-bounds for the KS equation. The construction of the background flow potential is
made explicitly and all estimates are done in the physical space, for a better transparency in what
concerns the dominant versus the subdominant terms. The main result is stated in Theorem [l Its
proof is presented toward the end of the article, after a series of technical lemmas have been stated
and the analogy with the KS equation has been properly addressed. The key ingredient used by
[1], and not present in the Fourier-based methods, is a Hardy-Rellich type inequality (see Lemma
that allows to bound the quadratic form from below.

2 Energy estimate

Lyapunov function. This paper follows the Lyapunov function construction used for the Kuramoto-
Sivashinsky (KS) equation and detailed in numerous papers [9, 2, B]. The main idea is to establish
that the H'-norm of u(x,y,t) — ¢(x) is a Lyapunov functional for some suitably chosen function

¢. To this purpose we write

w(@,y,t) = v(z,y,t) + o(x), ()

where ¢(z) is an antisymmetric function. Equation can be written as

01 — A)v = —kvy — avyy + {v, Av} + B{v,v,} + Ay
+ G2 Avy — Vydoar + Bdatyy + A%,

We multiply the equation by v, integrate over the domain Q = [—L,, L] x [0, L,] and integrate by
parts to obtain

8t;/(v2+(Vv)2) dxdy:a/(vy)Qda:dy—/(VAv)zdxdy
_/(bmvyvxx dxdy_6/¢x(vy)2 dwdy—/(bxmﬁvmzm dxdy. (6)

The main result of this paper is the following energy estimate, whose proof is deferred to the
end of the section, after various technical results are stated and proved.

Theorem 1. Consider a smooth, antisymmetric in x, solution u of the generalized Hasegawa-Mima
equation on §, with periodic boundary conditions. Then, there exists a suitable function ¢ such
that

8,5/ (v? + (Vv)?) dady < —)\/ (v? + (Vv)?) dzdy + M, (7)

where A > 0 depends on L, and M > 0 depends on ¢. Here, v and ¢ are related to w through the
background flow decomposition @ Further, it follows that

. M
limsup |[o]|7n < -, (8)
t—o0 A

and one can conclude the existence of an attracting ball in H' of radius \/%.



Similarities to the KS equation. The integral — [ (VAv)? dedy contains the only terms in the
right-hand-side of @ that are negative sign-definite. Expand this expression to get

- /(VAU)2 dedy = — /(U?:m + 3v§xy + 3v§yy + Uzyy) dxdy.

Commute the mixed partial derivatives in one of the Uc?:wy terms and group it with the term that

multiplies £ in @, to obtain the following quadratic form for v,:

0y K0y = [ (6 + B6203) dudy.
A similar quadratic form appears in the study of the KS equation, where it serves as the main tool

used to show energy bounds for KS using a Lyapunov function argument [2]. The strategy in to
show coercivity of the quadratic form, which in our context reads

/ (vgxx + 5¢x7)§) dxdy > A/'U; dxdy, (9)
for a constant A independent of L, and L,. Provided A can be chosen large enough (in particular,

A > a), the term that multiplies «v in @ is subdominant with respect to —A [ vs dxdy.
The last term in can be estimated easily as

1 1
‘/qﬁxmvxmdm’dy‘ < vagmda:—i— 2/¢§m. (10)

Therefore, provided the quadratic form K is coercive with coercivity constant A, we can derive
from the previous considerations,

Bt;/ (v + (Vv)?) dady < —% / (V200 + 4v§xy) drdy + (o — A) /vg dxdy
1
_ /Cf)xvyvm dxdy + 3 / ¢2 .. drdy. (11)

We first address the coercivity of the quadratic form, by following closely the results from [I].
The main remaining issue is to estimate the term [ ¢,V dzdy. We make use of the explicit
construction of the potential ¢, in the physical space from [1], that we summarize below.

Potential construction from [1]. We assume that the function ¢, takes the following form
5¢ZE = ,YL?_CI_l + ngq(Lglx)v v, C1,C2 > 0, (12)

where v is a constant and ¢ is a compactly supported smooth function. The potential comprises
a positive constant, yL22~1~1 and a very localized component of width O(L;¢!) and amplitude
O(L$?). More specifically,

Q(z)

22

Q(Z) = > (13)



where @ is an even function, defined for z > 0, by

—q0f(3) z € (0,9)
- ERTI S
Q(z) = —qo + (g0 + C]l)f(Z7g+ ) z E Eg —)5, 3) (14)
q1 Z 5,0
quf(14 %2) ZG(CQL,G+5)
0 z € (a+0,00)

Here, f(z) is a C*°(0,1), non-decreasing function satisfying

lim f(z) =0, lim f®(z) =0 fork>1,

z2—0 z—0
lim f(z) =1, lim f®)(z) =0 for k> 1,
z—1 z—1

and qo, q1, @ and 0 are positive constants. Note that supp(q) C (—a —d,a+ 9), where supp denotes
the function support.

Lemma 1. Provided the positive constants qg, q1, a and 0 satisfy

qoa® < 1,

40
1—a2qy’
a+d8< Lt

q >

the potential functions q¢ and Q defined in and have the following properties [1]:

(i) ¢ € Cg°,

(ii) [ q(z)dz < —A (for this condition to hold, § has to satisfy an additional smallness assumption),
1+cq

(iii) [ ,ngcl 12 4+ Qu2dz > 0,

for any constant A and all v € HY(—LLter, L1ter).

One of the main tools used in the proof of the energy bound for the KS equation from [I] is the
following Hardy-Rellich type inequality, which we state as a lemma:

Lemma 2. Suppose that w € C3(—a,a) with w(0) = 0. Then, if v(z) = w(z)/z, we have the

inequality:
a 1 a
/ iwgz dz > / v2 dz.
—a —a

For the proofs of Lemmas || and [2| we refer to [I]. The following result provides the coercivity
of the quadratic form used in deriving @D

Lemma 3. There exists a potential ¢ defined by (@ such that
L, Ly
/ (wgz + ngwa) dxr > A/ w?dx, (15)
—L, —L,

for all w € C3(—Ly, L) with w(0) = 0, where A represents an arbitrary fized constant.



Proof. Using and the change of variable z = Lz, we get

L1+cl

L, - L
[ sty w=p [Tt pe ) e epze [t
To satisfy it would be sufficient that
yLe2a—l > A (16)
and
Liter
/ (w?, + L2~ *q(2)w?) dz > 0. (17)
_Lita

Case L, > 1. This is the case considered in [I] and all the other works regarding optimal energy
bounds for the KS equation. More specifically, it is the scaling of the energy with the period L, as
L, — oo that is of interest in those studies. To have hold uniformly in L, > 1 we need ¢; and
co to satisfy
62—61—120. (18)
Similarly, for to hold uniformly in L, > 1 we need
¢y — 4ey < 0. (19)

Regarding the latter condition, one can argue it by contradiction. Suppose that co — 4¢q > 0 and
take a function w whose support is contained in a region where ¢ < 0. Then conclude that
cannot hold uniformly in L, > 1.

Due to periodic boundary conditions, the potential 8¢, has zero mean on (—L, L,) and hence,
from ([12]) we infer that

2y = —/q(z) dz. (20)

Using Lemma |1 property (ii), we conclude that the constant 7 in the expression of the potential
(12)) can be made arbitrarily large. This proves , provided holds.
To show (17)), we use (19), Lemma [2] and Lemma [1] (property (iii)) to get

e L+
/Li*cl (w2, + L2 4q(2)w?) dz > L2~ /L}fcl (w2, + q(z)w?) dz
e

Q(z)
> 0.

Case 0 < L, < 1. This case is not of interest for energy bounds for the KS equation, but the
procedure from [I] used for the case L, > 1 above, applies as well. Based on similar considerations
used to derive and , we note that for and to hold uniformly for L, < 1, ¢; and
co must necessarily satisfy

Cy) —C1 — 1 S 0,

Co —401 Z 0.

Considerations very similar to those used in the previous case follow easily, completing the proof.
O



Estimate of [ ¢,v,v,, dzdy. We state and prove the following lemma:

Lemma 4. For appropriate choices of the constants c; and co that enter the equation @ for the
potential, we have

1 1
‘/qﬁmvyvm dmdy‘ < 4/(%%9335 ym) dxdy + m/vjdxdy.
Proof. Use (12)) to get:

1
/quvyvm dxdy = %L?*Cl*l /vyvm dxdy + BL? /q(Lila:)vyvm dxdy. (21)

Periodic (in y) boundary conditions and integration by parts yield the first term in the right-hand-

side of (21]), zero:
1
/vyvm dxdy = —3 /8y(vx)2 dxdy

=0.

Now use supp(q) C (—a — d,a + ) to estimate the remainder term as follows:

Ly Ly L(a+9)
/ / q(L5 )0y vy da:dy‘ L3 / / . ) L3 x)vyvey dady
(a+0

y z *(a+6)
<swlaw)zz [ / ol

1 Ly “a (a+(5 Ly “1(a+9)
< 5 Sup lq(z)| L / / - vy, 2 dady + / / v2, dedy| . (22)
L(a+9) + H(a+6)

Since v is an antisymmetric function of x, so are v, and v,,. Hence, v, and v,, have zero mean on
a symmetric x-interval, and by Wirtinger’s inequality (a special one-dimensional case of Poincaré’s
inequality) in the x variable we have

Ly 1 (a+6) 1 Ly (a+9)
/ B vg dx < —ngzcl(a + 5)2/ B vix dx
—L; 1 (a+96) @ —L; 1 (a+6)
Ly

1
< Lot [ e,

Lg

where for the second inequality we used a+§ < L1 (see the hypotheses on the parameters stated
in Lemma [Tl Similarly,

Ly ' (a+6) 1 Ly
[ ars prnaop [
—Ly 1 (a+9) m —Lg

By combining the last two estimates with and we obtain

Ly Lo
sup|q( )| L2 (a4 §)? [/ / v2xdxdy+/ / wmda:dy]
0 —Ly

(23)

'/gﬂ)xvyvm d:vdy‘



The inequality k2 < k* + % for all k implies, using the Fourier transform, that

Ly fLe Ly fLe 1 Ly e
/ / Vypdzdy < / / Vyzzdrdy + 1 / / vy dzdy.
0 J-Lg 0 J-Ls 0 J-Ly

Then, the lemma follows from and the previous estimate, provided we choose the positive
constants ¢; and ¢y such that

1 1
— Ly~ <o 24
2 S la(a)| L2 a4 ) < | (24)
If L, > 1, then we need
2B
—2c¢ <1 . 25
C2 1 =~ logr,. <2Sllp ’q(m)‘(a_'_ 6)2) ( )

Combining with the previous requirements and , we infer that a necessary condition

for ¢ is )
1 m°p
> —1—-1 26
Cl—max{z%’ 8L <2supq<x>\<a+6>2>} (26)

For 0 < L, < 1, the inequality (25) is reversed and combined with the previous constraints on
c1 and ca, it yields the necessary condition

< mi 11—10 7r25
A= 2supfg()(a+0)2) S

Proof of Theorem [1l

Proof. The proof follows easily from the previous results. In @, use the coercivity property stated
in Lemma |3| for w = vy, the estimate from Lemma {4 and to get

1 1 1 1
ati / (v2 + (VU)2) dxdy < —4/ (uﬁm + ngy) dedy 4+ (—+a—A) /U; dxdy + = / ¢, dzdy.

16 2
(27)
Recall that v is antisymmetric in z, in particular of mean zero on (—L,, L,). Apply the Wirtinger’s

inequality in the x variable to get
L2
/v2 dzdy < —5 /vz dxdy.
T

Furthermore, due to periodic boundary conditions, v, and v,, are also mean zero,

L4
/vz dxdy < —¢ /vim dxdy.
T

Similarly, v, and vy, are mean zero in the x variable and we have

2 Ly 2
v, dzdy < 1 | Veay dzdy.



The last three Poincaré-type inequalities can be used for the first term in the right-hand-side of
to generate the H'-norm of v, as needed in . Since according to Lemma (3] we can choose
the constant A such that A > 1—16 + a, we have from ,

1 76 7t
2 2 . 2 2 2
(9,5/ (v° + (Vv)?) dady < 1 mm{Lg,Li}/(v + (Vo) )dxdy—l—/(bzmd:cdy.
Choosing
N

= 4 min I8 T
and

M:/@mmw
proves the theorem. ]

Large period regime. This is the regime of interest for the KS equation, since the number of
the unstable modes of the linearization about the zero state, increases linearly with the period. In
this context, the primary goal is to find sharp L?-bounds on the size of the attracting ball, i.e., find
the optimal (minimum) exponent p, such that lim sup,_, . ||u||2 = O(LP), where L is the period. As
far as the modified Hasegawa-Mima equation is concerned, its linearization about the zero-state
does not seem to indicate any particular interest in the limit L, — oo. We will discuss briefly
however, the regime of large L, and L,, mainly to compare the outcomes of the two approaches,
the physical space construction used in the present paper and the Fourier space method used in [4].
Using , we immediately infer that

/ﬁmmwzouﬁ%ﬁﬂ, (28)

For large L, A = %L;(S and hence, from @D

lim sup [Jv]|3 < O (LyLicﬁ‘%ﬁG) . (29)
t—o0

We have to minimize the exponent 2co 4+ 3¢; 4+ 6 subject to the constraints , and .
Inspect for large L, and take ¢; = 1 —log; C, where C = n?3/(2sup |q(z)|(a + §)?). Also,
choose optimally co = ¢; + 1 to find from , that

limsup ||v]|3: < O (LyLL?).
t—00

Interestingly, the Fourier method used by Grauer [4] gives the same exponents in the large period
regime.
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