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SPIN CHAINS IN COMBINATORICS
NICOLAS MARIE

ABSTRACT. We give a review of the elementary properties of spin chains together with
some applications to the enumeration of alternating sign matrices. The main references
concerning spin chains are [, 2].
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1. INTRODUCTION

Spin chains are the simplest examples of the so called quantum integrable systems. The
idea is to translate Liouville’s definition of classical integrable systems in the formalism of
quantum mechanics.

Definition 1.1. A system is said to be Liouville—integrable if it is an Hamiltonian system
such that the number of independent constants of the motion in involution is equal to the
number of degrees of freedom.

Hence a classical system formulated in terms of geometric objects is integrable if it has
enough symmetries, their consequences being the existence of constants of the motion.
When these conditions are satisfied the presence of these extra structures often gives the
possibility to investigate the solutions in detail.

In quantum statistical mechanics a system is given by a Hilbert space called the space of
states of the system and a selfadjoint operator acting on this space called the Hamiltonian
of the system. The spectrum of this Hamiltonian corresponds to the set of values the energy
of the system can take. Our problem is to compute this spectrum. For certain spin chains
this is a reasonable goal if we extend the methods of classical integrability to an operatorial
setting.

2. NECESSARY CONDITIONS FOR THE INTEGRABILITY OF SPIN CHAINS

Let N € N*, V and A be two complex vector spaces. The integer N fixes the size of the
system, V' is the local space of states and A is the auxiliary space.

The space of states of the system is the tensor product of N copies of the local space
of states:

StV _ve Ve ..V,

the n' factor in the tensor product is called the n'® local space of states.

We introduce a series of operators which are caracterised as solutions of the necessary
conditions for integrability:

e the L-operators L, ,(\) € End(A ® St) for n € [1,N] and A € C. The index
(a,n) indicates that the operator acts trivially everywhere except on the auxiliary
space A and the n'® local space of states;

e the R-operator R, 4, (A1, \2) € End(A® A) with Ay, \o € C. The index (ay, as)
indicates that it acts nontrivially on the two copies of the auxiliary space. We
assume that the R-operator is invertible;

Definition 2.1. The monodromy of the system is the operator T,(\) € End(A ® St)
defined as the product of the L-operators on each site:

TN & Lon(N)Lan-1(N) . Laa(N).
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The R and L-operators are solution of the following necessary conditions for integrability:
e the Yang—Baxter equation in End(A®3) for Ay, Ao, A3 € C

Ral,ag (>\17 >\2> Ral,ag ()\17 )\3) Rag,ag (>\17 >\2> = Rag,ag ()\17 )\2) Ral,ag (>\17 >\3> Ral,az ()\17 )\2) ;
e the intertwining equation in End(A®? @ V) for n € [1, N] and A\, A, € C

Ral,ag()\la )\2) Lal,n()\l) Lag,n()\Z) = Lag,n()\2) Lal,n()\l) Ral,az()\la )\2) )

e the ultralocality equation in End(A®? ® St) for 1 <n #m < N and A\, \y € C

La17n()‘1) Laz,m()‘l) = Laz,m()‘l) Lahn()‘l) :
From these relations we can deduce a few elementary properties indicating the possibility
of integrability.

Theorem 2.2. The monodromy of the system satisfies an intertwining equation in End(A®*®
St):
Ral,az ()‘17 >‘2> Tal (>‘1> Ta2 (>‘2> = Taz (>‘2> Tal (>‘1> Ral,az ()‘17 )‘2) :

Proof. Tt is a computation. We rewrite the left hand side of the equation in terms of the
L-operators:

Ral,az ()\17 )\2) Lal,N()\1> La1,1(>\1) Laz,N(A2> La2,1(>\2)

= Rayay(A1, A2) Lay N(A1) Lag,n(A2) o Loy 1(A1) Lay 1 (A2),

by using the ultralocality equation repeatedly. We can now apply repeatedly the intertwin-
ing equation for L-operators in order to transfer the R-operator from the left to the right
of the product:

= Laz,N(A2> Lal,N(>\1> Ral,az ()‘17 )\2) Lal,l()\1> La2,1(>\2)
= Loy N(A2) Lay N (A1) - Lag 1(A2) Lay,1(A1) Ray (A1, A2) -

Finally we use again the ultralocality equation in order to make the monodromy reappear:

e — Lag,N()\2) La271()\2) La1,N()\l) La1,1()\1) Ral,ag()\la )\2) - Taz()\g) Tal()\l) Ral,ag()\la )\2) .
U

We define the generating function of the conserved quantities Q(\) € End(St) as
the trace of the monodromy over the auxiliary space:

N
Q) Etro (T, E Y Quam.
n=0

Corollary 2.3. For all A\, u € C the generating functions Q(\) and Q(u) commute.
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Proof. We supposed the R-operator invertible. Hence we can rewrite the intertwining
equation for the monodromy as:

Toy(M) Toy(N2) = Ry, (A1, A2) Toy(M2) Toy (A1) Ray 0y (A1, A2) -

ay,az

We take the trace of this equation on End(A%?):

tra1,a2 (Tal ()‘) Taz (:u)) = tra1,a2 (Rc;l,az ()‘7 :u) Taz (:u) Ta1 ()‘) Rahaz ()‘a :u)) = tra1,a2 (Taz (:u) Ta1 ()‘))
by using the cyclicity property of the trace on End(A®?

).
Q) Q(p) = Q(p) Q(A).

This equation reads:

U

An immediate consequence of this corollary is that {Qn}ne[[l, MK family of commuting
operators acting on the space of states of the system. This is a clue for integrability. Making
the parallel with classical integrable systems we interpret these operators as the equivalent
of the constants of the motion. Taking ()9 = H as the Hamiltonian of some system of
quantum statistical mechanics, the equations of the motion for these operators are:

dQn det _
- EH.Qu = 0.

3. THE XXX HEISENBERG SPIN CHAIN

3.1. Definition of the System. As a system of quantum statistical mechanics the XXX
spin chain is defined by a space of states and a Hamiltonian.

The space of states is fixed by the choice V = A = C?ie. St = C?® ... ® C? where we
think of each copy of C? as attached to one of the N sites of a one dimensional lattice. From
a physical point of view the spin is related to the Lie algebra sly(C). A two dimensional
representation of slo(C) is given by the generators:

. (01 , (0 —i . (10
T=\10) > 7\ o 2 = lo —1)

in the canonical basis of C* with the notation |1) = (}) for spin up, |}) = (9) for spin
down. We interpret a measure on the system as applying the operators ¢”, oY, 0% on a
element of C2.

As an example, o?|1) = (+1)|1) and 0%|)) = (—1)|}), hence the denomination spin up
for the eigenvalue +1 and spin down for the eigenvalue —1.

We define the operators o € End(St) for n € [1, N] and e € {x,y, 2z} such that o7 acts
trivially everywhere except on the n'* site where it acts as o®. We suppose that the spin
chain is periodic that is for every O,, € End(St) whe have O,,n = O,,. The Hamiltonian
of the XXX spin chain H,,, € End(St) is defined by:

N
- Z OpOni1 + OnOn + 0005
n=1

def
H:c:c:c =
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We can rewrite the Hamiltonian in a simpler way. For this we introduce the permuta-
tion operator P, ,, € End(St) defined by

noom noom
Pom |81 8n oo S oo SN) = [S1.c S o S SN
with the notation |sy ..., ... Sy ... Sy) = [81) @ [82) ® ... @ |sn).

Properties 3.1. The permutation operator satisfies the following properties:
(@)  PapPag = BpqPop = PrgPoyg,
(b) 2P,p41 = o0pony + 0000 + 0500 + idn gt

Proof. We start with property (a). We look at the action of these three operators on the
same vector:

n P q n p q n p q
PopPugle Snooo Sp oo Sy o) = Paplee Sq oo Sp oo Spoor) = oo Sp s Sy oen Spow)y,

n P 9 n 2 g n r g
PoyPople Sn oo Sp oo Sy o) = Pogle Sp oo Spoven Sy o) = | Sp oo Sy s Spe)

n P q n P q n p q
PooPoglie Snoo §p oo Sy o) = Pogles Snovn Sy e Sp ) = | 8 Sq Spoeer) s

which gives us the equality of these three operators.
To prove property (b) we look at the matrices representing the operators in the canonical
basis of C2®C?. We use the definition of the tensor product of matrices, for A = (a;;), B =
(bij):
x ok %
A X B = * Ay B

* * *

So the matrices of these operators are:

1000 1000 0001
0010 0100 e e w w0010
Pancv="1g 1 o o “entt = g 0 1 0| OO =@ =141 g o]
0001 0001 1000
0 00 —1 1 0 0 0
0 01 0 0 -1 0 0
Yy Y Y Yy o z __z _ z
Inn1 =0 O 0 0 10 0| =0 ®T= 14 g 10
~100 0 00 0 1
Taking the sum gives us the identity. O

Usiing the property (b) satisfied by the operator of permutation we have a simpler
expression for the Hamiltonian:
N
Hypw = Zidn,n—i-l - 2Pn,n+1-

n=1
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The next step is to construct and diagonalise this Hamiltonian using the properties satisfied
by R and L-operators.

3.2. Algebraic Bethe Ansatz. We need to solve the conditions for integrability with
V = A = C? such that we can recover the Hamiltonian for the XXX spin chain from the
generating function Q(\).

We start with the R-operator in End(C?*®?), A\j, Ay € C defined by:

Ral,az <)\17 )\2) d:eff<)\17 )\2) idal,ag + Pal,ag )

with f(A1, A2) = 2 (A2 — A1)
Proposition 3.2. The R-operator defined above is a solution of the Yang—Baxter equation
in End(C*®3).

Proof. We write explicitly the left hand side and the right hand side of the Yang-Baxter
equation then we identify the terms using elementary properties of the permutation oper-
ator. U

The similarity between the Yang—Baxter and the intertwining equation for L-operators
is such that if we define for all n € [1, N]

def

Lon(AN)=(A+1)Ryn(A0)
we automatically obtain a solution of the intertwining equation.

Proposition 3.3. The L-operators defined above are solution of the intertwining equation
in End(C*®3) and satisfy the ultralocality equation in End(C?*®N+2),

Proof. We write the intertwining equation in terms of the R-operator and we use the fact
that it is a solution of the Yang-Baxter equation:

Rayas (A1) Layn Lagn = A+ 1) (0 + 1) Ray s (A, 1) Ray (A, 0) Ry (1, 0)
= A+ 1) (e +1) Ragn(t; 0) Ray (A, 0) Ray (A, 1) = Lagin Lay o Ray e (A 1) -
The ultralocality equation is satisfied. For 1 <n # m < N, it is equivalent to

Rahn()‘a O) Razm(,ua 0) = Razm(,ua 0) Rahn()‘a 0)
which is verified since the permutation operators P, , and F,,, commute as they are

acting on different spaces. O

To introduce the algebraic Bethe ansatz we use a specific decomposition of the mon-
odromy of the system. With A = C? we have End(A ® St) = M,(C) ® End(St). So we
can write the monodromy as:

def [ AN NL(A
Ta()\) = (:N’_<()?) @(()\))) )

with A(A), Np(A),N_(A), D(N) € End(St) and Q(A) = A(X) +D(A). In order to prove the

algebraic Bethe ansatz theorem we need a technical lemma.
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Lemma 3.4. The operators A, N.,D satisfy the following relations for g\, u) = 1+
F )

NE(A)Na(p) = N (p) N (A)

ANN, (1) = 2N 5 ) A0 — - N A

DON, (1) = LA o D) — LN () D).

Proof. We extract these relations from the intertwining equation for the monodromy in

End(A® A ® St) = M;(C) @ End(St):

Ry an (A 1) Toy (N) Toy (1) = Tap (1) Tay (A) Ry an (A, 1) -
We write R, ay(A, 1), Tuy (A), Tay (1) as 4 by 4 matrices whose coefficients are operators on
the space of states of the system such that the intertwining equation corresponds to a

product of matrices. We work in the canonical basis of C? ® C2.

The R-operator acts only on A ® A:

g(A
Rahaz()‘nu) = f()‘nu) Z.dahaz + Pa1,a2 = 8
0

1)

0 0 0
fom 1 0
fwp) 0

1
0 0 g\p)

The operator T, (\) acts trivially on the second copy of A® A and T,, (i) acts trivially on
the first copy of A ® A, so we get:

0 0
AN NL(M 10 0 AN 0 Ni(A
T, (N) = (:N_<<A)> @&))) ¢ (o 1) I Py é) DY) 0( i

Oy (A N (5l D 0 o

_ ) Ny(u)\ _ | N-(u 0

i = (o 9) @ (X6 ) - 00 A G
(e 0
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We compute the product of these matrices and keep only the terms corresponding to our

relations:
* k g(A p) Ny (A) A(p) g, 1) N () Ny ()
£k N () D) + f (A, 1) DA) N ()

N (1) AQA) + F N, ) A(p) N (A)

* % % X
* % * X

*
*
*

The identification of the coefficients gives the relations.

We have all that is necessary to introduce the algebraic Bethe ansatz.

vacuum of the system is a vector |w) € St such that:

AN|w) = a(N)|w),

N_(A)|w) = 0, = D(A)|w)

Theorem 3.5 (Algebraic Bethe Ansatz). The vector N (uy) .

vector of Q(X) with the eigenvalue
M M
WIS + o I s
Py Py (A, )

if and only if for alli € [1, M], p; is solution of Bethe equation

Mka

H i(,uja ,U,) _ (—I)M_l )

Proof. Since Q(\)

the possible eigenvector:

— o] fﬁﬁ T () )

k=

() |w)

-
=
T

>

ﬁ##
7y M1

=1 7j=1
75

[, i)

g, 1) No (1) N ()

*

g, 1) Ny (1) D(A)

*

O

A pseudo-

o(A)]w) -

Ny (pp)|w) is an eigen-

= A(N\) +D(A) we can use the lemma to see how A and D are acting on

HN+ i) |w)
k;ﬁz
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M M 9O 1) M
D) [T (k) = 600 [T 9322 TTN. e
k=1 k:l HE) 5
M M
gty )

+ NL(A N w) .
; f Hf,uza,uj) +( )g + () [w)

i k#i

We observe that in order for N (p47) ... Ny (par)|w) to be an eigenvector we need that for all
€ [1, M]:

M
,uz /~LJ7/~L2 ,uza,uj .
S iy A H 4:) H B

)t Fug ) (i 115)

J#i ];ﬁz
But since f(A,pu) = 2(p—N) = —f(p, A), dividing by the second term of the sum gives
Bethe equation. O

Explicitly for the XXX spin chain, the monodromy of the system is the product of the
R-operators:
T.(A) = A+ 1)V Run(A,0) ... Ry 1(A,0).

We write the R-operator as a 2 by 2 matrix with coefficients @y, dn, N, —n € End(V)
acting on the n'* local space of states:

Run(00) = (MA) M (A ))

M-n(A)  dn(A)

a0 = ("5 s g) w0 = (G0 ) e = (1 0) = (5 o)

From the form of R, ,(),0) we see that |w) = |[1) ® |1) ® ... ® |1) is a pseudo-vacuum of
the system with a(A\) = (A+ 1)V g(A,0)" and 6(\) = (A + 1) f(A,0)Y. The eigenvalues
of Q(\) are
M M
L4 2(me = A) v L 20N — )
A+ 1D)(1 =20 —_— A+ 1)(=2))] —_—
(O =20 T =50 =™ + (e eI T 5=

with the p; solutions of Bethe equation

20, — 1 ﬁ 1+ 2(py — ) — (—1)M
241 1+ 2(pi — p1g) '

k;ﬁz
Finally we should not forget to prove that this formalism solves the problem of the XXX
spin chain i.e. that we can recover the Hamiltonian of the system from the generating
function Q(N).
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Proposition 3.6. The Hamiltonian of the system is given by

g - Amoy|
|,

Proof. First of all we need to compute Q(0) and its inverse. Since R,,(0,0) = P, ,:
Q(O) = t’l"a(R,LN(O, 0) RLG(O, O)) = t’f’a(PaJV Pa,N—l Pa71) .

By using the property (a) of the permutation operator we obtain:

Q(0) = tro(PnN-1PonPan—2--FPa1) = ... = Pyno1 Pyn-g. Pnitra(Pna)
and
Q)™ = 1 p.p P
tra(Pra) N1 EPNN—2 PN N-1.
We also need to compute d@Q/dA:
Q) N
T NA+ 1) tra(Ran(N0) ... Ry1(A,0))

N
ARy, (N, 0
+ A+ D)V tr, (Z Ran(),0) ... # o Raa (A, 0))

n=1

with dR,,/d\ = —2id,,. Using again property (a) we end up with:

dnQ(\) al al
—a = Nidgs; —2 Z Q0) ' Pynot . Pypit Pyt Poitrg(Pun) = Nidg—2 Z Ppn1.
A=0 n=1
Because of the periodicity of the chain we conclude that it is the Hamiltonian of the system:
N
dInQ(A\ .
T() o = Zldn,n-‘rl - 2Pn,n+1 .
= n=1

4. THE XXZ HEISENBERG SPIN CHAIN

5. THE SIX—VERTEX MODEL AND ALTERNATING SIGN MATRICES
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