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1. For each of the following evaluate the limit if it exists and explain why it does not

otherwise.
. 11—/
2] (a) lim ANSWER:
—1t 1 —x
JUSTIFY YOUR ANSWER
3] (b) lim flw+2) = /@) ANSWER:
z— x
where f'(z) = 2% + In(z — 1)
JUSTIFY YOUR ANSWER
[3] (c) lim (cos x)l/x2 ANSWER:

Tr—

JUSTIFY YOUR ANSWER
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B] 2. (a) Let f(z) = g; 1 ANSWER:
Find f/(9).
JUSTIFY YOUR ANSWER
[3] (b) Let f(z) =+/1+ . ANSWER:

Find £/(9).

JUSTIFY YOUR ANSWER
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3. Let C be the curve in the zy-plane which is the graph of the equation y = 23 — 22 + 1,
and P be (1,1). Let [ be the line which is tangent to C' at P.

[4] (a) Find the equation of . ANSWER:

EXPLANATION

[4] (b) Find another line tangent to C' ANSWER:
which is parallel to [.

EXPLANATION
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[4] 4. (a) The number 2'/3 is being approximated by applying ANSWERS:
Newton's method to the function y = 2 — 2 with oy =
initial estimate zg = 1.
What are the next two estimates? Give your answers L2 =
as rational numbers.
SHOW YOUR WORK
[4] (b) Suppose that Newton's method is being used to approximate the zero r of f(z) =0

with initial estimate xo < r. By “zero” we mean that f(r) = 0.
It is given that f(zo) > 0, and that f’(z) is defined and increasing on [z, r].

Using the Mean Value Theorem, or otherwise, explain carefully why the next
estimate x; satisfies zg < 1 < 7.

EXPLANATION
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[6]

= Ot

9. Above is shown the graph of y = f’(x) on the interval I = [—1,9.5]. The graph touches

the axis at © = 0.

By inspection of the graph estimate the values of z in [ at which f(x) attains local
maxima/minima. Also, estimate the estimate the values of = in I at which f(x) has

points of inflection.

No explanation need be given.

z-coordinates of local
minima of f(x)

z-coordinates of local
maxima of f(x)

x-coordinates of points
of inflection of f(x)
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[6] 6. One model of population growth is represented by the differential equation

dP
— =kP(A-P 1
- =kP(A—P) (1)
where P is the population, ¢ is time, and k£ and A are positive constants.

The equation (1) has some solutions of the form

B 6Akt

p=—¢
1+ CeAkt

(2) ANSWER:

What relation between the constants A, B, C
implies that the function P given by (2) satisfies

(1).

EXPLANATION
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7. A piece of wire of length 1 metre is cut into two pieces, where one of the pieces may
have zero length. One piece is bent into a square, the other into a circle. A denotes the
sum of the areas of the resulting square and circle.

[4] (a) How should the wire be cut so as to maximize A? ANSWER:
Give the perimeter of the square as answer.

EXPLANATION

[4] (b) How should the wire be cut so as to minimize A? ANSWER:
Give the perimeter of the square as answer.

EXPLANATION
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[6] 8. A beam of light from the lighthouse L
strikes the north face of the building B
2000 feet away. From the lighthouse the
building bears 60° west of south.

The beam rotates clockwise at a rate of
12° per second.

At how many feet per second does the

beam travel across the north face of the
building?

ANSWER:

SHOW YOUR WORK
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9. A ball is thrown vertically into the air with initial veloity vg. The maximum height
reached is h.

The equation governing the motion of the ball is

d*x
ae -9 (1)

where g is a constant and z is the height of the ball ¢ seconds after release.

[4] (a) Find expressions for x and dz/dt in terms ANSWER:
of t and vy.
EXPLANATION
[4] (b) What initial velocity is required for the maximum ANSWER:

height attained to be 4h? Give your answer as a
multiple of vy.

EXPLANATION
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10. Let f(z) be a function defined for all z in (—o00, 00). Let a be a real number.

2] (a) In terms of a limit define what it means for f(x) to be continuous at = = a.
DEFINITION

2] (b) In terms of a limit define what it means for f(z) to be differentiable at = = a.
DEFINITION

2] (c) Show that, if f(z) is differentiable at = = a, then f(x) is contiuous at = = a.

EXPLANATION
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ANSWER:
3] (a) / 542 gy
SHOW YOUR WORK
ANSWER:
1
[3] (b) / 0= 209 dx
SHOW YOUR WORK
ANSWER:

[3] (c) /sec(9/2) tan(0/2) do

SHOW YOUR WORK
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[5] 12. The graph of y = f(x) passes through (1, —1), and ANSWER:
for all @ > 0 the slope of the graph at the point
(a, f(a)) of the graph is 1/a. Find f(3).

EXPLANATION
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Yy
13. Consider the area under the arc of the circle 22 + 9
y? = 4, from 2 = 0 to = a in the first quadrant, A
shown in the figure.
A is the point <a, V4 — a2>, and a is ZAOy.
!
|
O a 2
2] (a) Write « as a function of a. ANSWER:
No explanation is required.
2] (b) By considering two pieces, or otherwise, ANSWER:
express the shaded area as function of a.
SHOW YOUR WORK
2] (c) From part (b) find an antiderivative for ANSWER:

AV

SHOW YOUR WORK
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A B

14. Three non-overlapping circles 7, ¢, € lie within
a square ABC'D of side 2. R

v is constrained to touch the midpoint of AB.
0 is constrained to touch v, AD, and CD.
€ is constrained to touch ~, BC', and CD.

Let R denote the radius of 7, and  the common
radius of  and €. Let s denote 1 — 7.

From the geometrical constraints it follows that I

R = s+ SZ This relation may be assumed

below. D C

Let y denote the sum of the areas of the three circles.

2] (a) Express y as a function of s. ANSWER:
y =

SHOW YOUR WORK

[2] (b) Show that d?*y/ds* > 0 for all s.

EXPLANATION
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[3] (c) Find an algebraic equation for ANSWER:
the value of s which gives the
absolute minimum of y.
JUSTIFICATION
[3] (d) Find the value of s which gives the absolute maxi- ANSWER:
mum of y. 5 —

JUSTIFICATION



