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MONOTONICITY CONSIDERATIONS
FOR SATURATED-UNSATURATED SUBSURFACE FLOW*

P. A. FORSYTH! AND M. C. KROPINSKI#

Abstract. It is demonstrated that monotonicity is a sufficient condition to ensure that no new
nonphysical local maxima and minima can be produced in the discrete nonlinear unsaturated flow
equation. Monotonicity conditions are derived for various types of weighting for the mobility term.
The basic discretization is of finite element type, but the results can be extended to finite volume
discretizations. Central weightings are only conditionally monotone, while upstream weightings are
unconditionally monotone. Sample computations are given for highly heterogeneous problems.
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1. Introduction. Simulation of trace contaminant migration in the subsurface
requires knowledge of the flow of the aqueous phase in both the saturated and un-
saturated zones. If the transport of the contaminant in the gas phase is considered
unimportant, then the air phase pressure is assumed to be a constant. This results in
a highly nonlinear parabolic equation [13, 24, 2, 16, 30, 20, 28, 9].

It is often of interest to simulate subsurface systems which have widely varying
material properties. These different materials can have discontinuities in absolute
permeabilities of several orders of magnitude. Also, the capillary pressure and relative
permeability curves in different materials can be very different. These materials can
be the naturally occurring soil or rock formations, or they can be part of an engineered
design of a waste storage facility [10, 22, 11, 21, 29].

Although the unsaturated flow equation is parabolic, steep saturation fronts occur
during infiltration into dry media. The appearance of these fronts is not surprising
when it is recalled that the unsaturated flow equation is in fact an approximation to
two-phase flow [5]. Standard finite element methods may produce oscillations near
the wetting front [2].

Upstream weightings are commonly used in simulating true two-phase flow. In
fact, for true two-phase flow, central weightings may converge to the incorrect solution
[1, 25]. However, the saturated—unsaturated flow equation is a parabolic approxima-
tion to two-phase flow. For this equation, central-type weightings are commonly used
[30]. Although it is well known that oscillations can occur in the discrete solution
at coarse grid sizes, convergence to the incorrect solution, as the grid is refined, has
never been reported.

The objective of this work is to develop a finite element-type discretization method
for saturated—unsaturated flow which will not generate spurious local maxima and
minima at coarse (i.e., practical) grid sizes. It will be shown that if certain mono-
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tonicity conditions are satisfied, then spurious oscillations of a specific type cannot
occur in the discrete solution. In order to ensure that these monotonicity conditions
are satisfied, it may be necessary to use an upstream-like weighting for the relative
permeability terms.

Note that the monotonicity properties of explicit discretizations of hyperbolic
conservation law equations are described in [19]. However, the saturated—unsaturated
subsurface flow equation is a parabolic equation, which is usually solved using an im-
plicit discretization. This requires somewhat different methods of analysis compared
to [19].

In [2] it was demonstrated that mass lumping was beneficial in eliminating non-
physical oscillations. However, [2] suggested the use of central weighting or geometric
mean weighting for the relative permeability terms. As will be demonstrated in this
paper, central weighting will not be monotone at nodes where the derivative of the
capillary pressure as a function of saturation is small.

Computational results will be presented for some one- and two-dimensional prob-
lems having discontinuous material properties. It will be shown that use of central
weighting may result in local maxima and minima which disappear or become smaller
as the grid is refined. These local maxima and minima are not observed in the up-
stream weighted computations.

2. Formulation. Conservation of the water phase w implies

0

(1) 5t (PSwpw) = =V (PuVw) +qupu,
where the velocity of phase w is given by

(2) Vy=-K:-\y(VP, — pugVD),
and where

S, = saturation of water,
P, = pressure of water phase,
pw = mass density of water phase,
K = absolute permeability tensor,
(3) [ = Viscosity of water phase,
k., = relative permeability of water phase,
Aw = Eru / oo
D = depth,
g = gravitational acceleration,

Gw = source/sink term for water phase.
The water and air phase pressures are related by the capillary pressure P.gq,
(4) Pa:Pw+Pcaw(Sw)~

Assuming that the air phase pressure is constant, then the water phase pressure is
given as a function of water saturation S,, from (4). Alternatively, S,, can be regarded
as a function of P, by inverting equation (4):

(5) S, = min (1.0, P2l (P, — Pw)) .

caw
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Physically admissible P.,,, and A functions are such that

95
op, ="

>0 if P, <P,,
o\
8S,,

(6) A(Sp = 1) # 0.

=0,

The water phase density and porosity are given by

Pw = ,DwO(l + Cw(Pw - Rv()))v
(;b = ¢0(1 + cm(Pw - wO))a
cyw 20,
(7) em >0,
where p,,0 is the density at pressure P,q, ¢, is the water phase compressibility, and

cm is the compressibility of the porous media.
For future reference, we note that equations (6) and (7) imply

AMPy) = APyT),
Sw(Py) = Sw(Py"),
pw(Pyy) > pu(Py"),
o(Py) > o(Py),
(8) if PX > Pr*.

3. Discretization. The computational domain R is considered to be composed
of a mesh of triangles (in two dimensions) or tetrahedra (in three dimensions). The
mesh has n nodes, and linear Lagrange basis functions will be used.

In the case of heterogeneous systems, we assume that the nodal values of the
permeability tensor are specified. If the relative permeability and capillary pressure
functions are different functions at different points in the domain, then we also assume
that these functions are specified at each node (as opposed to each element). For
example, the notation

(9) )\wi = {Aw(Pwi)}i

is to be interpreted as the value of the k., /p function at the ith node, evaluated
with the pressure value P,;. Nodal representation of material properties results in
considerable simplification in the form of the discrete equations. If element values are
needed, they will be obtained by averaging the nodal values in the element.

Assume that N; are the usual linear Lagrange polynomial C° basis functions
defined on triangles or tetrahedra, where

N; =1 at node %
= 0 at all other nodes,

(10) Z N; =1 everywhere in the solution domain R,
J
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and assume that
P,=>_P
J
D =) "D;N,
J
(11) Sw=Y_ Su;Nj.
J

Then, noting that

VZPU;JN Z wj wz Nj7

J#£i
(12) VZD N; =Y (D; - Dy)
J#i
defining
(13) v, = / Nidv,
R

and using the usual Galerkin procedure (with mass lumping for the accumulation
term) and backward Euler timestepping, we obtain

osan] " = o]} 5

= —Z/ {(P =PI = pN 1 g(Dj — Dy)} (VN; - K- VN;) AN pl T dw
JEN:

(14) (quw)NJrl Vi.

Here 7; is the set of neighbor nodes of node 4 such that the integrals in equation (14)
are nonzero.

All boundary conditions are modelled by suitable source/sink terms [6]. The
source/sink terms (quw)fvJrl in equation (14) can be used to enforce constant rate
injection/production boundary conditions with max/min pressure constraints, or con-
stant pressure boundary conditions (see [4] for details). In order to bound discrete
pressures, we must assume that the constant rate injection/production boundary con-
ditions have max/min pressure constraints, and therefore, the worst case would ac-
tivate these constraints. Consequently, since constant rate injector/producers reduce
to constant pressure injector/producers in extreme cases, we can, without loss of
generality, consider only the constant pressure injector/producer case in our analysis.

Therefore, all the source/sink terms will be assumed to be of the form (Py; is the
specified pressure)

(Puww)r Vi = WipN T max [(PYT — PYTY) 0]

(15) + W, (pwA )NJrl min [(PSIEH'1 — PUJ)VZ»H) ,0] .

Here sz’ Wp; are nonnegative geometric factors independent of P,;, Sy (see [5, 4,

18, 8, 6] for details). Note that if, for example, ng = 0, then (15) can be used to
model a seepage face (interface between air and the porous media)[4].
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In order to ensure that the pressure drop is physically correct in hydrostatic

situations, the density term in brace brackets under the integral in equation (14) is
approximated as the average of the values at nodes ¢ and j, so that

{ [65upa] "~ [0S upa] N} 0

= — Z ((Pju\fjﬂ _ Pu])\’iﬂ) _pgjjil/Qg(Dj — Di)) /R(VNj CK VN AVFLNHL gy

JEM;
+ (pwu)) TV,
(16)
where
(17) ngfﬂ/g (pw,i + Pw,j) /2'

It is computationally efficient to approximate the nonlinear terms in the integrals in
equation (16) by an influence coefficient method [15]. There are various ways to do
this. The simplest method is to use a single-point quadrature rule using values for
AN+1,N+1 only on the line joining nodes 7 and j.

— /I; (VNJ K- VNJ /\111\1/'+1pg+1 dv ~ (}\111\}[+1p111\}f+1)f(i)j) Yijs
R

/\N+1

Some common choices for (AYT!pl/+!

o) pig)
weighting (ups), and geometric [12] weighting. For brevity, we will not discuss geo-
metric weighting in this work. Geometric weighting is discussed in detail in [7]. For
notational convenience, we define

are central weighting (cent), upstream

(19) ij+1 _ sz+1 ((pN+1 pufyi+1) _ pgzlﬂﬂg(pj - Di)) ;

then the various weightings are given by
= (AN, iy (0T =N <0
— ()\g+1pg+l) i Yij (,(/JN-"-I wZN-ﬁ-l) > 0’

_ {(A{XHP{XH)'JF (ANF1pN L) }/2

3

N+1 N+1
(/\w Pw )ups(i,j)

(20) (Ag+1pg+1)cent(i,j)

The final form of the discrete equations, if a single-point quadrature rule as in equation

(16) is used, is then
sson ] = [osera] } 5

Z +1)\N+1 (”)%] (¢N+1 1/}z{\fﬂ)

JEN;

(21) (prw)NJrl Vi,

where f(i,j) refers to either ups(i,j) or cent(i,j).
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For later purposes, it is convenient to write equation (21) as

(22) (PN+1 PN PN+1 P )

w)

where
(PN+1 sz,PN“ P,;) = { [ dSwPuw KVH_[ OSwpPw IV}VZ

At
+ 2 (e TANTY) oy 1R =0T (pwaw); TV

JEN

(23) = 0.

Note that equation (23) has the same form as a finite volume discretization. In this
case, V; would be the cell volume and ~;; would be the interface area between node ¢
and node j divided by the distance between node ¢ and node j.

Another common method for approximating the integral in equation (18) is to
use the centroid of each triangle (tetrahedra) which contributes to the integral [14].
Let e;; be the set of elements in the intersection of the support of IV; and IN;. In the
usual finite element manner, the integral in equation (16) is evaluated as the sum of
integrals over elements Ej, in e;;.

—/ (VN; - K- VN) AT ot dv~ > 4f { )g,fl} o
R centroid

kEEU
(24) vor = —/ VN; - K- VN;dv,

Ex
where
N+1 _
(25) {(prw)Ek }mmd —gEj (PwAw); /Netm,
k

and where N, is the number of nodes in the element (three for triangles, four for
tetrahedra). It also follows from equations (18) and (24) that

(26) Vi = Y Vi
kEeij

If the centroidal method (equation (24)) is used to approximate the integral in
equation (16), then the final discretized equations can be written in an analogous way
to equation (23):

gi(PNH, PN, PN Py = _{ [qsswpw}jvﬂ - [qsswpw]jv} %

N+1 E N+1 N+1
(S {0 -y
JENi \k€eyj
+(pwtw)i Vi
(27) =0.
For either discretization (23) or (27), the values of (P2:+, ngH) are determined
by solving the simultaneous equations (22) for all nodes i. For future reference, let

P = min(P), Py, PYTY) Vi e,

wir

(28) P = max(Py;, Py, PYTY) Vj € n;.

wir
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4. Nonoscillatory solutions. In the following, we will bound the values of
PNF (solutions of equations (23) and (27)) in terms of the values of P, PUJYJ»H, Ps;.
This will suffice to determine if new local maxima and minima are possible solutions
of the discrete equations. Consequently, for this purpose, we can regard equations
(23) and (27) as an implicit equation for ngl with PN PwN]ﬂ'l7 P,; as independent
variables.

Before proceeding further, it will be convenient to define some terms.

DEFINITION 1 (homogeneous node). Let the set of nodes which are members of
elements having node i as a vertex be denoted by n; (n; excludes node i itself). Then

node i is a homogeneous node if
1.

2. All nodes in n; have the same constitutive functions for relative permeability
and capillary pressure as at node i; i.e.,

/\j(Sw) = )\i(Sw)7
(Pca’w(sw))j = (PCaw(Sw))i ,
for Sy, such that the functions are defined
(30) Vi € n;.

DEFINITION 2 (interior node). A node is an interior node in the mesh if there
exists a (small) sphere surrounding the node such that all points on the surface of the
sphere belong to some element in the mesh. To avoid trivial situations, we also require
that an interior node i satisfy

1. K; #0,

2. E'K]#O, jEmn;.

An interior node is simply one that is not on the boundary of the domain. The
two extra conditions in the above definition simply ensure that the node is not isolated
from other nodes if all K = 0.

DEFINITION 3 (monotone discretization). Let P™™ and P be given from equa-
tion (28); then the discretization (23) or (27) is monotone if, for all (P, PwNj+1, Py;)
such that each of (P, Pfu\;"’l,PSi) is in the interval [PMn pmax]

9gi
apqi\z—&-l

(31) £ 0,

oPN+
oPN

api\z—&-l

apﬁﬁl

>0

?

ZO vjenia

opht!
2 —— >0.
(32) op; ="

Note that condition (31) is required by the implicit function theorem to ensure that
Pﬁ“ can be regarded as a differentiable function of PN, ngH,Psi. There is a slight

we)
complication in that the above derivatives may not exist at all points (if upstream
weighting is used, for evample). Let X represent P, PUJYJ.H, or Pg;. If at X = X*,

wi !
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o N+1
8“’7;( does not exist,
then we interpret the monotonicity condition at X = X* as
8PN-+1
1' w1 > O
x 2% ax =
X > X*
3PN-+1
33 li — > 0.
(33) x o aX <
X <X*

We will show that, for a monotone discretization, no new local maxima or min-
ima of a certain type can appear at interior, homogeneous nodes (i.e. no physically
incorrect oscillations in the solution).

More formally, we can state the following theorem.

THEOREM 1 (nonoscillatory solutions). If Pé};“ are determined as solutions of
the discrete equations (27) or (23), and if node i is an interior, homogeneous node
where the monotonicity conditions (32) are satisfied, then

(34) Pimin < P111>/7';+1 < Pimax.
Proof. Since either equation (23) or (27) can be written as
(35) 9i(Ppi ™, P

wi

P@i\;-‘rlvpsi) :Ov je Mis

and since PN is a monotone function of { P, Pu])VjH, Py}, then
(36) max{ PN} < PIPI,

where P;"P*" is the solution of

(37) gi(PUPPeT pr Pt Pry =0,  P* = pmex
and similarly,

(38) min{ PN} > plower,

where P/" is the solution of

(39) Gi(Pover P*PT P =0, P*— PP,

We will now demonstrate that

Setting
(41) Py =P, =P)t =P, =P"

in either equation (23) or (27) and noting that node ¢ is a homogeneous node (equa-
tions (29) and (30)), we obtain

gi =—(pN\)"gp™ > _ % (D; — D),

JEM:

(42) (PA)* = p(PH)A(PT),
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all other terms being trivially zero. Now

D 7Dy =Di)==) /RVNi K- VN;(D; — D;) dv

JEN: JEN;
:—/VNi-K-V > D;N; | dv
R -
J
(43) - 7/ VN, K- VD do,
R

where K = K; = K (since 7 is a homogeneous node). Recall that D (the depth) is
exactly a linear function. Therefore,

V. (N;K-VD)=VN;-K-VD + N;V- (K- VD)
(44) = VN;-K-VD +0.

Let supp(4V;) be the set of elements such that N; # 0, and dsupp(V;) be the surface
of supp(N;). Then, equation (43) becomes (using equation (44))

—/VNi'K~Vde:—/ V. (N;-K-VD) dv
R supp(N;)

:f/ N;-K-VD- ds
A supp(Ny)

(45) =0,

which follows from the fact that node ¢ is an interior node, so that
(46) N; =0 on 9supp(V;).

It then follows from equations (42), (43), (44), and (45) that

(47) puver — pr — pmax

is a solution of equation (37), and

(48) Pilower — P* = Pimin

is a solution of equation (39). It remains to show that these solutions of equations
(37) and (39) are unique. This can be done as follows. Suppose that there exists a
solution to

(49) gi(P**aP*aP*aP*) =0
so that
(50) P > pP*.

Then we can show that in fact

(51) gi(P**, P*, P*, P*) #0,
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and that therefore equation (49) is false. Similarly, suppose that a solution to equation
(49) exists with

(52) P** < P¥;
then we can show that
(53) 9i(P™*, P*, P*, P") #0,

and that therefore, equation (49) is false.

This demonstration of uniqueness requires a detailed examination of several dif-
ferent cases. We give the detailed proof for only a few cases. The other cases can be
proved in a similar fashion.

Suppose that central weighting is used as in equation (21), or the centroidal
method is used as in equation (27). We will consider upstream weighting in a separate
case. Suppose

then
(55) gi(P**, P*, P*, P*) = Term1 + Term2 + Term2,
where
Terml:—{ [ PSwpuw } - [ GSwpu } }ﬁ
At’

Term2 = w {(pw/\w)*, (pw)\w)**] X

D (P =P™) = (ol +03)/2 Y (D = Di) ¢

Jem: JEN:
(56)  Term3 = W (puda)™ (P* — P*),
and where w(-,-) depends on the precise form of the weighting used. Note that
w [ (purn)*, (pudu) ]| >0
(57) if (pwAw)” >0, (pwAw)™ >0.
Since P** > P*| it follows from equations (8) and (15) that

Term1 <0,
(58) Term3 < 0.

Recall from equations (43) and (45) that
(59) > i (Dj = Di) =0,
JEM:

so that

(60) Term2 = w [(pw)\w)*, (pw)\w)**} (P* — P*™) Z Yij-

JEM:
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From the definition of the basis functions (10) and the definition of 7;; (18), it follows

that
Z Yis + Yii = 0,
JEM:
Vi <0
(61) = Z vij > 0,
JEM:

where strict inequality follows from the definition of an interior node. Consequently,
(62) Term?2 < 0,

which means that

(63) gi(P**, P*, P*,P*) <0, P* > P~

To prove strict inequality, we note that there are two cases. If S¥ = S, (P*) < 1,
then from equation (7), Terml < 0 in equation (56). If S = 1, then from equations
(60) and (61), Term2 < 0. Therefore,

(64) gi(P**,P*,P*, P*) <0, P**> P*

and thus there is no solution to g;(P**, P*, P*, P*) = 0 with P** > P*. A similar
argument shows that there is no solution to g;(P**, P*, P*, P*) = 0 with P** < P*.

Now consider the case if upstream weighting is used. Assume that there exists a
solution to equation (49) with

(65) P** < P*;

then equation (23) becomes

(66) gi(P**, P*, P* P*) = Term1 + Term2 + Term3,
where

Termt = —{ [ 6Supu }f[ 30 } b

Term?2 = Z (pw)\w)ups(i,j) Vij (P* _ P**) _
JEM:

(67) Term3 = W; (pw)™™ (P* — P*).
Since P** < P*, it follows from equations (7) and (15) that

Term1 > 0,
(68) Term3 > 0.

Now consider the expression

JEM;

_ (pUJ)\w)** [(P* _ P**)} Z Yij

(69) <0 if P <P
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which follows from equations (59) and (61). Thus

Term2 + 8
- .7;7% {<prw)up8(i1j) - (pw)‘w) }’Wj |:(P -P ) - #(D7 — Dz):|
(70) = Z {(pw)\w)* - (pw/\w)**} Yij |:(P* - P — M(D] _ Di):| ,
JEa;

where «; is defined as j € n; such that j = ups(i,j). Recall from the definition of
upstream weighting (20) that

so that (using equation (8))
B+ Term2 > 0
(71) = Term2 > 0.

To prove strict inequality, we again note that there are two cases. If S, < 1, then
from equation (7), Terml > 0 in equation (67). If S}* = 1, then trivially Term2 > 0
in equation (67). Consequently,

(72) gi(P*™*,P* P*, P*) >0, P*™ < P~
and therefore no solution to g;(P**, P*, P* P*) = 0 with P** < P* exists. By a
similar argument, no solution exists to g;(P**, P*, P*, P*) = 0 with P** > P*. 0

5. Summary of nonoscillatory solution result. Theorem 1 essentially states
that if the discretization is monotone, then at all interior, homogeneous nodes, no new
local maxima and minima which violate condition (34) can be generated as solutions
of the discrete algebraic equations.

The requirement that the node be interior and homogeneous is necessary, since
new local maxima or minima can be generated at nodes which are on boundaries,
or adjacent to material discontinuities. A simple example of this would be a wetting
front which encounters an impermeable layer. This would result in water pooling on
top of the layer, and hence produce a local maxima in the saturation.

Consequently, if a monotone discretization is used for heterogeneous media, then
Theorem 1 implies that any new local maxima/minima which violate condition (34)
which appear in the discrete solution can only occur at nodes which lie on the bound-
ary of the computational domain, or at nodes which are adjacent to discontinuities
(more precisely, nodes which are not both interior and homogeneous). Assuming
that monotone schemes converge to the correct solution of the unsaturated-saturated
flow equation as the grid is refined, then new local maxima/minima which appear
at interior homogeneous nodes are clearly numerical artifacts, and are not present
in the exact solution. In the following, we will refer to these spurious new local
maxima/minima as nonphysical.

DEFINITION 4 (nonphysical maxima and minima). A local mazimum or minimum
in the discrete solution at timestep N + 1 which appears at an interior, homogeneous
node, which violates condition (34), and was not a local mazimum or minimum at
timestep N, is a nonphysical marimum or minimum.

All the above results are also valid for finite volume discretizations that are similar
in form to equation (23).
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6. Monotonicity conditions. Before determining the monotonicity conditions
for various types of discretizations, we shall make some simplifying assumptions. For
example, the compressibility of the porous media and the water phase are normally
very small, i.e.,

w = 3.0 x 1075(1 /kpa),
(73) Cm = 1.0 x 1077(1/kpa),

and so are frequently ignored. It is possible to continue the analysis with nonzero c,,

and c¢,,, but the algebra becomes involved, and any restrictions on the monotonicity

are trivial. For example, a finite compressibility in the gravity term (equation (17))

results in an additional restriction (for monotonicity) that the difference in depth

between two nodes must be less than 500 km, which is clearly not very restrictive [17].
Consequently, for ease of exposition, we will assume that

Cw = 07
cm =0
in the following.

6.1. Single-point quadrature discretizations. We first consider the discretiza-
tions which use a single-point quadrature rule to evaluate the nonlinear integral term
in equation (18), which results in discrete equations having the form (23). It will be
convenient to note the following derivatives:

g, oSN,
b= (o)

opPN. oPN’
dg; W pu if Py > PN+L
Py | WopuA)t if Py < PYT,
N+1
dg; N+1 N+1 B(Aw)f(ij)
apuljvjﬂ = Pwij [(ij —P,") — puwyg(Dj — Dl)] aRi\;H
“!‘pw’)/ij ()\w)]fv(:rjl) )
9g; 35'N+1 N+1
8PN+1 (Pw¢ ) (9PN+1 - Z Pw%‘j()‘w)f(ij)
wi JEM;
(o) P
+ 2 pwii (PG5 = POt = pug(Ds = Di)] — o™
jen; wi
—pu W if Py; > P,
(74) + (p,_PN-H) W—w
56 wi JPwVVp; gpNFT
w1
— W () N H if Py < P
Since
dg;
>0,
OPy
99

aPsi -
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then necessary and sufficient conditions for monotonicity are, for all (P, PN 1 Py)
such that each of (P, PN+1 , Py;) is in the interval [P/min, pmax]

we’

0gi
gpN+T >0,
wj

09gi

) PN

< 0.

Note that if S, = 1 at nodes ¢, j € 7;, then conditions (75) immediately imply
that

(76) vij = 0,

which is simply the M-matrix condition. For a problem with a constant permeability
tensor, this is equivalent (in two dimensions) to a Delauney triangulation in the trans-
formed plane where K = I. For three-dimensional problems, a sufficient condition for
tetrahedra which satisfy (76) is that all interior angles in the tetrahedra are nonobtuse
(in the transformed plane where K = I [6]). Of course, finite volume discretizations
satisfy (76) by definition. In the following, we will assume that the mesh satisfies
condition (76).

6.1.1. Upstream weighting. If upstream weighting is used, then
d(Aw); !

J
N+1
opPY.

0g;
8PN-+1
wj
(77) +puyij (A

= puyiy max(P = 0)

)upsti g

is always nonnegative. Assuming that node K; # 0 and that one of K; # 0, j € n;,
and that condition (76) holds, then

9 ; asNJrl
Ji = - ( w(b ) - Z pw'yij()\w)NJrl‘

8PN+1 aPN+1 ‘ ups(,5)
wi we JEN:
)N+1 N+1 N+1
+ Z pw’}/zj PN+1 IH(O, d}j - 'l/}i )
]E’I’]L w1
—puW; if P; > PN+L
(78) +8 (P — PNy p v 2w T Al
st wi Pw pi 8PN+1

— puWo; (M) H! if Py < PN+

is always negative.
Therefore, if upstream weighting (as defined in (20)) is used, then the discretiza-
tion is unconditionally monotone.

6.1.2. Central weighting. For central weighting, the conditions (75) are

1 a( )N+1
2 gphN+i
wj

dg;

aPN_H = Pwij (1/)N+1 1/)ZN+1)
wj

+Pwij ()‘1]1\1]+1)cent(i;j)
(79) =0
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and
dg; o N1
gpN+L T ( wP A > aPNAT - Z /’w'Yij()‘w)cent(i,j)
we JEN:
) H N+1 N+1
+ Z Pw%g 9 8PN+1 (1/)] - 1/11 )
JEN:
—puW,i if Py > PN+
_O(\ N+1
+ (PSl - Pi\é-‘rl)pwwpz%
= puWo; (M) H! if Py < PN+
(80) < 0.

Equations (79) and (80) are only conditionally satisfied. For example, if (@DJN o
YN 1) < 0; then the first term in equation (79) is negative. Let Az = ||x; —x;]|; then

condition (79) is satisfied if
N N -
O) N (oP)H
65N+1 6SN+1

Assuming that () ™" — ¢Y*!)/Ax approaches a finite limit as the grid is refined,
then condition (81) is satlsﬁcd for sufficiently small Az (for nonzero ()\w)i\i :L”tl(i,j))
Note that if the derivative of the capillary pressure as a function of saturation is
very small, then the diffusion forces are very small, and hence central weighting will
be nonmonotone. Over a wide range of saturation values, gravel is an example of a

material which has a flat capillary pressure saturation curve [21].

(CARRER AR
Az

Ax
N+1
B Aw)eenti) = 5 2

6.2. Centroidal approximation. As for the single-point quadrature methods,

09;
>0,
oPN ~
0gi
ap@v

Therefore, if the centroidal approximation is used (equation (27)), then the mono-
tonicity conditions are

dg; SN+t
J = (pw¢ )

> 0.

opN+1 oPNH
N+1
Ey ()‘w)l
Y Ty
JEM: ke€eij; lEE}
1 Oy
# Y o0 | 3 b ) et
, Neim  OP2
JEM: keeij we
+ . , N+1
—puWp; if Py > P,,"",
_ 8 N+1
+9 (Psi— PﬁH)Pprz(ap%
w1
= puWo; (M) 1! if Py < PN+

(82) <0
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and
dg; N+1
gpN+1 ~ Pw > Z
wj keey; IEE)
N+1 N
N+1 1
+pr 27 ZN 8PNZ+1 (¢a+ 7¢i+)
aemn; k€ein I€EE), elm
(83) >0,

where ¢;; is the Kronecker delta. Note that the first term in equation (83) would
be identically zero if all angles opposite the edge from node i to node j are equal
to m/2 (in the transformed plane where K = I). In this case, it is possible that
the second term in equation (83) could be nonzero and negative. In this situation,
the discretization would never be monotone, no matter how fine the grid, although
the size of the negative derivative would be O(Ax). This suggests that a centroidal
approximation is inappropriate if bricks or rectangles are broken up into tetrahedra
or triangles having angles of size 7/2.

6.3. Summary of monotonicity conditions. The monotonicity results for
the various discretizations can be summarized as follows.

e Upstream weighting is unconditionally monotone, regardless of mesh size or
timestep size.

e Central weighting is monotone if the grid is sufficiently fine (see condition
(81)).

e For certain grid configurations, centroidal weighting is never monotone, no
matter how fine the grid.

7. Practical significance of the monotonicity conditions. In the remain-
der of this paper, we will focus on upstream weighting, which is unconditionally
monotone, and one of the conditionally monotone weightings. Since central weighting
is commonly used, and can be employed with either finite volume or finite element
discretizations, we will consider central weighting as a prototypical, conditionally
monotone weighting.

Since upstream weighting is guaranteed to be monotone, we can be certain that an
upstream weighted discretization will not produce nonphysical oscillations (i.e., any
new local maxima or minima cannot appear at interior homogeneous nodes). However,
since monotonicity is a sufficient, not necessary, condition for nonoscillatory solutions,
a discretization which is nonmonotone does not necessarily produce nonphysical local
maxima and minima. However, we can certainly expect that problems may occur (for
nonmonotone discretizations) at nodes near discontinuities.

The previous analysis does not permit us to make any general statements about
local maxima and minima which appear at nodes adjacent (or on) material boundaries.
In some cases, these local maxima or minima are undoubtedly correct (i.e., water
encountering an impermeable layer). However, it is usually considered prudent, when
dealing with complex nonlinear PDEs to use monotone schemes, which more closely
reflect the underlying physical transport process [23]. If the monotone schemes do not
exhibit local maxima at nodes adjacent to material boundaries, while nonmonotone
discretizations have local maxima/minima at these nodes, then the nonmonotone
results must certainly be viewed with suspicion.

Central-type weightings are widely used for the mobility term in saturated—
unsaturated flow [2, 24]. The usual argument for using central weightings is that
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upstream-like methods are overly diffusive. However, the mobility term is a highly
nonlinear function of saturation, and therefore the wetting front tends to be self-
sharpening.

For simple homogeneous problems, where very fine grids are used, there may not
be much advantage in using upstream weightings. However, for highly heterogeneous
systems, which are typical of layered cover designs for waste facilities, central-type
weightings may result in nonphysical oscillations, for practical grid sizes.

Consequently, we would advocate the use of pure upstream weighted discretiza-
tions, which are guaranteed to produce physically meaningful results at all grid sizes,
for simulating highly heterogeneous systems. For such problems, the risk of using
central weighting seems unwarranted. The following examples, where we compare
results using central and upstream weightings, will illustrate this point.

8. Numerical examples.

8.1. Computational details. The nonlinear algebraic equations were solved
using full Newton iteration, with variable substitution [9]. The material balance
errors [2] in all cases were less than 1077 at the end of the runs. The Jacobians were
solved using the CGSTAB algorithm [26] with a reduced-system level-one incomplete
factorization preconditioning [3].

8.2. Problem 1. Figure 1 shows the domain for this one-dimensional example.
The region is 1 m by 1 m by 15 m. The initial pressure was 90 kpa everywhere,
and water was injected at a rate of .25 m3/day at the top. The bottom surface was
held at a constant pressure of 100 kpa. Table 1 gives the material properties for
this problem. Note that the capillary pressure curve has a small derivative in range
Sw € [4,.9].

This problem has a simple heterogeneity. In Zone 1 (see Fig. 1), the absolute
permeability is 107!?2m?, while in Zone 2, the permeability is 10~'>m?2. This is actually
a very mild form of heterogeneity, compared to those encountered in the modelling of
waste cover systems (see Problem 3).

This problem was run using 31, 61, and 121 nodes (one-dimensional linear ele-
ments were used). Figures 2 and 3 show the results for the various grid sizes, at a
simulated time of 4 days, for both central and upstream weightings.

The results show clearly that the discontinuity in permeability at a height of
7.4 m causes spurious oscillations to appear upstream of the discontinuity for central
weighting. Eventually, this oscillation disappears as the grid is refined, as is expected
from equation (81). No nonphysical local maxima or minima are generated by the
upstream weighted solutions, regardless of grid size.

The coarse grid centrally weighted solutions are clearly unacceptable, while the
coarse grid upstream weighted solutions at least capture the qualitative behavior of
the solution. At the finest grid level, where the central weighted solution has no
oscillations, both methods are in close agreement.

8.3. Problem 2. Figure 4 shows the domain for a two-dimensional problem of
infiltration into an initially dry region. This problem is similar to the example used in
[9], which was based on a Las Cruces trench field experiment [28]. The initial pressure
was —880.0 kpa, and no flow conditions were imposed on the left, right, and bottom
boundaries. Infiltration occurred along the top surface as indicated in Figure 4.

Here and in Problem 3, we assume that the capillary pressures and relative per-
meabilities are of the van Genuchten form [27]:
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F1G. 1. Domain for one-dimensional test problem 1.

TABLE 1
Material properties for Problem 1.

Sw Krw Peaw (kpa)
18 0.0 100.0
2 .0059 50.0
3 .024 9.9
4 071 9.8
5 152 9.7
.6 .26 9.6
7 .40 9.5
.8 .57 9.4
9 N 9.3
1.0 1.0 0.0

Prg = 249 ((5‘;)*1/7 _ 1>1/5’

[e%
d Sw_Swr
4 w — 5
(84) .
7=1—l
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F1G. 3. Saturation profile for Problem 1, central weighting, four days.
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FiG. 4. Domain for Problem 2.
TABLE 2
Material properties for Problem 2.

Zone | K; = Ky (m?) ) Swr | a (1/cm) B

1 9.33 x 10712 | 3680 | .2771 .0334 | 1.982

2 5.55 x 10712 | .3510 | .2806 .0363 | 1.632

3 4.898 x 1012 .3250 | .2643 .0345 5.0

4 4.898 x 10~11 | 3250 | .2643 .0345 5.0

The relative permeabilities are given by

(85) b = SV {1 - L= 8]}

The material properties are given in Table 2.

Note that the difference between this problem and the original problem posed in
[9, 28] is that we have increased the value of 8 in Zones 3 and 4. Large values of 8
make the capillary pressure curve flat at intermediate values of the saturation, and
hence we can expect this to cause some difficulties for central weightings.

Figures 5 and 6 show the saturation contours for central weightings for coarse
and fine grids (at a simulated time of 30 days). Similar contour maps are given in
Figs. 7 and 8 for upstream weighting.

Examination of Fig. 5 demonstrates a striking phenomenon. Figure 5 shows local
minima at (r =1.0 m, z = 1.0 m) and (z = 1.0 m, z = 2.0 m). These local minima
disappear on the finest grid in Fig. 6, and hence we can conclude that the coarse grid
central weighted solutions contain spurious local minima.

Note that these local minima are entirely absent from the upstream weighted
results. Qualitatively correct solutions are generated at all grid sizes. For fine grids
where the central weightings do not show spurious oscillations, both central and up-
stream contour maps are in close agreement.
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F1G. 6. Saturation profile for Problem 2, central weighting, 179 x 51 grid.

8.4. Problem 3. Figure 9 shows a two-dimensional model of a capillary barrier
waste cover design [10, 22, 11, 21, 29]. The usual EPA-recommended waste design [11]
uses a layer of clay to divert water away from the waste. However, clay barriers are
difficult to install, cracking can cause the effective permeability of the clay to increase,
and the barrier can fail. An alternative is to utilize the differing capillary pressure
curves in gravel and sand [22, 11, 21, 29]. Since the capillary pressure in gravel is
much lower (at moderate saturations) than the capillary pressure in sand, this will
divert water along the gravel-sand interface.
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FiG. 8. Saturation profile for Problem 2, upstream weighting, 179 x 51 grid.

The material properties for this problem are given in Table 3. These properties
were obtained from various published sources [11, 21].

No flow boundaries are imposed on the left boundary, constant infiltration is
imposed on the top surface, and the right-hand side is no-flow except for a drain
(seepage point), as shown in Fig. 9. The actual computational domain is extended
(in the vertical direction) much further than is shown in Fig. 9, so that the bottom
boundary is effectively at infinity. Initial conditions are water pressure —1 x 1076 kpa
in the loam and sand, —6 x 100 kpa in the tuff, and 70 kpa in the gravel.
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F1G. 9. Domain for Problem 3.

TABLE 3
Material properties for Problem 3.

Zone K, = Ky (m?) ¢ Swr | a (1/cm) 8
Loam 17 x 10711 | 452 | 0752 .043 | 1.246
Sand 67 x 1011 | 345 .046 .0634 1.53
Gravel 357 x 1079 | .419 .074 469 | 2.57
Crushed tuff 283 x 10712 | 345 .032 .0143 | 1.506

This problem was run on two different grid sizes, a coarse 52 x 46 grid, and a
fine 102 x 92 grid, for both central and upstream weighting. The grid size was highly
variable in the z-direction. At the sand-gravel interface, for example, the z-node
spacing on the finest grid was .005 m.

To see the differences between upstream and central weighting clearly, the satura-
tion profiles are plotted for only three contour levels. Figures 10, 11, 12, and 13 show
the saturation contours at thirty years. Note that in this case, the capillary barrier
has clearly failed at about 10 m along the slope.

Figure 12 shows a jagged profile at * = 16 m, z = 3.5 m. The jagged profile
disappears as the grid is refined in Fig. 13. This effect is absent from both coarse and
fine upstream results (Figs. 10 and 11).

Also, Fig. 12 shows a local minima at nodes adjacent to the gravel-tuff interface.
As the grid is refined in Fig. 13, this area of local minima becomes smaller. Note that
this local minima is not seen in the upstream profiles (Figs. 10 and 11).

Since this minima (for central weighting) appears at nodes adjacent to the dis-
continuity, Theorem 1 does not apply, since we can only say for sure that new local
maxima and minima cannot occur for monotone discretizations at interior, homo-
geneous nodes (see equation (30)). Nevertheless, the fact that the jagged profile in
Fig. 12 disappears as the grid is refined, and the observation that the local minima
in Figs. 12 and 13 are becoming smaller in size as the grid is refined, while the coarse
and fine upstream weighted profiles are qualitatively similar, would appear to indicate
that the centrally weighted results are producing spurious local maxima and minima.
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F1G. 10. Saturation profile, Problem 3, upstream weighting 52 x 46 grid.
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FiG. 11. Saturation profile, Problem 3, upstream weighting 103 x 92 grid.

From a practical point of view, the performance of the capillary barrier can be
summarized in a single number: the fraction of infiltrating water that crosses the
gravel-tuff interface. If this number is near zero, then the barrier is very effective,
while a number near 1 indicates barrier failure.

Table 4 shows the fraction of water entering the tuff at thirty years for both
central and upstream weighting, for both fine and coarse grids. Clearly, the centrally
weighted solutions are not converging (at least for this parameter) any faster than
the upstream weighted ones. In fact, it would appear that the fine grid centrally
weighted result yields similar accuracy (for this parameter) as the coarse grid upstream
computation. Moreover, the centrally weighted computations require 3-4 times the
number of Newton iterations (and hence 3-4 times the CPU cost) compared to the
upstream simulations.
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F1G. 12. Saturation profile, Problem 3, central weighting 52 X 46 grid.
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F1G. 13. Saturation profile, Problem 3, central weighting 103 x 92 grid.

TABLE 4
Comparison of central and upstream weighting, Problem 3.

Fraction entering tuff Newton iterations CPU (sec)
Grid size | Upstream Central | Upstream | Central | Upstream | Central
52 x 46 461 .488 342 1243 109 380
103 x 92 .454 .470 788 2463 1057 3137

9. Conclusion. Provided that the finite element mesh has certain properties
(i.e., a Delauney triangulation in two dimensions) then an upstream weighting for
the mobility term results in a finite element discretization which is unconditionally

monotone.
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Since the type of finite element discretization used in this work (if a single-point
quadrature method is used, as in equation (23)) has the same form as a finite volume
discretization, the above result also holds for an unstructured grid, finite volume
method as well.

Monotone discretizations can be shown to have the property that no new local
maxima or minima of a certain type can appear in the discrete solution at interior,
homogeneous nodes, for any mesh size or timestep size.

Central weightings are monotone only for sufficiently fine grids, which implies that
under some conditions, nonphysical (see Definition 4) local maxima and minima can
occur at finite mesh sizes. A centroidal weighting method, which is natural for finite
element discretizations, was also analyzed. There exist certain grid configurations
which result in centroidal weighting being never monotone, no matter how fine the
mesh.

Example computations have demonstrated that use of central weighting for the
mobility for heterogeneous problems often results in spurious local maxima and min-
ima. This effect is particularly severe if the capillary pressure saturation curve con-
tains a range of saturations where the curve is very flat.

Sample computation of a model of a capillary barrier waste cover design, using
realistic constitutive data, was also carried out. The centrally weighted computation
produces local minima which are not observed in the upstream results. These local
minima become smaller (in area) as the grid is refined.

From a practical point of view, the performance of the capillary barrier can be
summarized in a single parameter: the fraction of inflowing water that crosses the tuff-
gravel interface. In terms of this parameter, the centrally weighted results appear to
converge (as the grid is refined) more slowly than the upstream weighted computation.
Moreover, the centrally weighted computations require 3—4 times more CPU time than
the upstream weighted computation. Although we have given only a single detailed
example of this effect in this work, we have seen essentially the same phenomenon
many times in dealing with heterogeneous systems.

Consequently, it is our conclusion that monotone schemes (i.e., upstream weight-
ings at coarse grid sizes) should be routinely used when simulating heterogeneous sys-
tems. Nonmonotone schemes may have slightly less front smearing compared to mono-
tone methods, but can produce spurious local maxima and minima in the solution.
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