MATH 251 Test 2 Solutions

Total Marks: 57.

(1) [5] Reparametrize the curve with respect to arc length measured from the point where ¢ = 0 in the direction
of increasing t.
r(t) = 8sinti + tj + 8costk

t
arc length = s(t) = /|r’(t)\dt
0

— /0 \/(8 CcoS t)2 + (1)2 + (8 sin t)2 dt
— /O V65 dt
= V65t — t(s) =

Therefore, r(t(s)) = 8sin (\/2»5> i+ (\/%)J + cos (\/2»5> k

(2) [8] Find the limit, if it exists, or show that the limit does not exist.
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Along the x-axis, f(z,0) =0 for z # 0, so f(x,y) — 0 as (z,y) — (0,0) along the z-axis. Along the diagonal
line y = z, f(z,y) = f(z,z) = 62%/32* = 2 for  # 0, so along this line f(x,y) — 2. These two limits are
different, so the limit asked in the question does not exist.

(3) [10] Find the indicated partial derivatives.

f(T, S,t) = TIH(T52t3)§ fry fssy fstr
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(4) [8] Find the linearization of z = ¢” ¥ at the point (1,—-1,1)

fao(z,y) = 2re® YV, fy(z,y) = —2ye® V"; s0 f2(1,-1) =2, fy(1,—1) = 2. The linearization is the tangent
plane; z —1=2(z - 1)+ 2(y+1) — z=2x+2y+1.

(5) [8] Use the Chain Rule to find the partial derivatives dw/9dt and dw/ds;

w=zeV*  where x=2st, y=s+t, z=2t—s
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= (2t +x+2z2)eV T = (2 + 25t + 8st(2t — 5))e> )
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(6) [8] Find the directional derivative Dy f of f(r,s,0) = €SP ot the point (1,1,7/3) where u = 2i — 3j + k.
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(7) [10] Find the local maximum and minimum values and saddle point(s) of the function

Duf = Vf(1,1,7/3)

f(z,y) = 22% + y® + 52° +

in the half-plane z > —2.

Vf = (607 + 47 + 102, 20y + 29) = (0,0) = (2,9) = (0,0), (~2,0), (~1,%2)
D(0,0) = 20, fz2(0,0) =10 — £(0,0) local minimum
D(—%,O) > O,fm(—g,O) <0— f(—g,()) local maximim
D(-1+£2) <0 — (—1,%£2) saddle points

Along & = =2; f(=2,9) = g(y) = —y* +4 — g(y) (not f(z,y)!) has a local maximum at y = 0 (g, and hence
f, cannot have a local max or min anywhere else along the line x = —2). Now, V f(—2,0) = (4,0) which implies
that Vf(—2,0) - u > 0 for any unit vector pointing strictly into the half-plane x > —2 (because if u = (a, b) then
a > 0). This implies that f is increasing in any direction into z > —2 at the point (—2,0). So in fact f _does not
have a local maximum at (—2,0) in the set z > —2.



