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1. Let A =


1 2 3 1 0
4 −1 3 4 0
1 3 4 1 0
2 3 4 4 0

 and suppose a row echelon form of A is

B =


1 0 0 3 0
0 2 0 4 0
0 0 −1 2 0
0 0 0 0 0

.

[4] (a) Determine a basis for Row(A).

The non-zero rows of B give a basis for Row(A).

[4] (b) Determine a basis for Row(At) which consists of rows of At.

We note that Row(At) ∼= Col(A). Columns 1, 2, 3 of A
are pivot columns so they form a basis for Col(A). Hence{[

1 4 1 2
]
,
[

2 −1 3 3
]
,
[

3 3 4 4
]}

forms a ba-
sis for Row(At).
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2. Let V = P2. Consider B =
{
1, 1 + t, 1 + t + t2

}
and C ={

1 + t + t2, 1 + t, 2
}

(where the vectors are ordered as given).

[4] (a) Show that B is a basis for V .
Let’s compute PB. It is

 1 1 1
0 1 1
0 0 1

 .

The columns of PB are linearly-independent and span R3 as
there are 3 pivot columns. Hence, B is a basis for V .

[4] (b) Find the change of basis matrix PB←C.
The short way is to note that if x = γ1c1 + γ2c2 + γ3c3 then
x = 2γ3b1 + γ2b2 + γ1b3. Hence, [x]B = PB←C[x]C where

PB←C =

 0 0 2
0 1 0
1 0 0

 .

The longer way is to bring [PB|PC] to
[
I|P−1

B PC
]

using row
reduction.
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3. Let

A(λ) =


−λ 1 0 0
0 −λ 1 0
0 0 −λ 1
0 0 1 −λ

 .

[4] (a) Show that the determinant of A(λ) is λ2(λ2 − 1).

|A(λ)| =

∣∣∣∣∣∣∣∣
−λ 1 0 0
0 −λ 1 0
0 0 −λ 1
0 0 1 −λ

∣∣∣∣∣∣∣∣
=(R3↔R4) −

∣∣∣∣∣∣∣∣
−λ 1 0 0
0 −λ 1 0
0 0 1 −λ
0 0 −λ 1

∣∣∣∣∣∣∣∣
=R4←R4+λR3

−

∣∣∣∣∣∣∣∣
−λ 1 0 0
0 −λ 1 0
0 0 1 −λ
0 0 0 1− λ2

∣∣∣∣∣∣∣∣
= λ2(λ2 − 1)

[4] (b) Determine a basis for NulA(−1).
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A(−1) =


1 1 0 0
0 1 1 0
0 0 1 1
0 0 1 1

→R4←R4−R3


1 1 0 0
0 1 1 0
0 0 1 1
0 0 0 0



→R2←R2−R3


1 1 0 0
0 1 0 −1
0 0 1 1
0 0 0 0



→R2←R2−R3


1 0 0 1
0 1 0 −1
0 0 1 1
0 0 0 0



Therefore, NulA(−1) = Span
{[
−1 1 −1 1

]t
}

.
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[2] 4. (a) Using the answers from Question 3, determine the characteristic poly-
nomial of

B =


0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0

 .

The characteristic polynomial is given by det(B − λI) =
det A(λ) = λ2(λ2 − 1).

[2] (b) Using the answers from Question 3, determine a basis for the
eigenspace of B corresponding to the eigenvalue −1.

The eigenspace of eigenvalue −1 of B is given by Nul(B+I) =

NulA(−1) = Span
{[
−1 1 −1 1

]t
}

.
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5. Let V be a vector space over R with basis {b1,b2}. Let T : V → R2

and S : V → R2 be linear transformations.

[4] (a) Show that R(x) = S(x) + 2T (x) is a linear transformation.

R(x+y) = S(x+y)+2T (x+y) = S(x)+S(y)+2(T (x)+
T (y)) = S(x) + 2T (x) + S(y) + 2T (y) = R(x) + R(y).
Similarly, R(cx) = S(cx) + 2T (cx) = c(S(x) + 2T (x)) =
cR(x)

[4] (b) Suppose that T (b1) = e1, T (b2) = e2, S(b1) = e2, S(b2) = e1.
Show that if α, β ∈ R are such that αT (x) + βS(x) = 0 for all
x ∈ V , then α = β = 0.

Plugging in x = b1 yields αT (x) + βS(x) = αe1 + βe2 = 0.
By linear independence of e1, e2, we get that α = β = 0.

[4] (c) For an invertible matrix A, show that det(A−1) = 1/ det(A).

Since AA−1 = I, taking determinants yields det A ·det A−1 =
det I = 1. Hence, det A−1 = 1/ det(A).


