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1. Let A =


1 2 3 1 0
4 −1 3 4 0
1 3 4 1 0
2 3 4 4 0

 and suppose a row echelon form of A is

B =


1 0 0 3 0
0 2 0 4 0
0 0 −1 2 0
0 0 0 0 0

.

[4] (a) Determine a basis for Row(A).

[4] (b) Determine a basis for Row(At) which consists of rows of At.
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2. Let V = P2. Consider B =
{
1, 1 + t, 1 + t + t2

}
and C ={

1 + t + t2, 1 + t, 2
}

(where the vectors are ordered as given).

[4] (a) Show that B is a basis for V .

[4] (b) Find the change of basis matrix PB←C.
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3. Let

A(λ) =


−λ 1 0 0
0 −λ 1 0
0 0 −λ 1
0 0 1 −λ

 .

[4] (a) Show that the determinant of A(λ) is λ2(λ2 − 1).

[4] (b) Determine a basis for NulA(−1).
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[2] 4. (a) Using the answers from Question 3, determine the characteristic poly-
nomial of

B =


0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0

 .

[2] (b) Using the answers from Question 3, determine a basis for the
eigenspace of B corresponding to the eigenvalue −1.
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5. Let V be a vector space over R with basis {b1,b2}. Let T : V → R2

and S : V → R2 be linear transformations.

[4] (a) Show that R(x) = S(x) + 2T (x) is a linear transformation.

[4] (b) Suppose that T (b1) = e1, T (b2) = e2, S(b1) = e2, S(b2) = e1.
Show that if α, β ∈ R are such that αT (x) + βS(x) = 0 for all
x ∈ V , then α = β = 0.

[4] (c) For an invertible matrix A, show that det(A−1) = 1/ det(A).


