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3.  
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b. det 0A = , so A is not invertible. 

 

4.  

a. Because 1P  is isomorphic to 2
�  through the standard co-ordinate map (that is, the map 

that sends the standard basis vectors of 1P  to the standard basis vectors of 2
� ), 

P P ′ ′← ←=
C B C B

 where [ ] [ ]{ }
1 1

1 , 1 ,
1 1

t t
    

′ = + − =     
−    

E E
B  and 

[ ] [ ]{ }
2 1

2 , 1 2 ,
1 2

t t
    

′ = + + =     
    

E E
C , and where { }1, t=E  is the standard basis for 1P .  

To solve this equivalent problem: 
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b. [ ] [ ]
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5.  

a. A set B  to be a basis for a vector space V if (i) B  is a linearly independent set and (ii) B  is a 

spanning set for V. 

b. 
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From the echelon form we see that the first and second columns of A are linearly 

independent, thus 

1 1

1 , 2

1 1

C

    
    

=     
    −    

B  is a basis for ColA.  A basis for RowA consists of the 

non-zero rows of any echelon form of A: 1,

1 0

1 1
,

3 1

7 3

R

    
    
    =  
   − − 
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B  or 2,

1 0

0 1
,

2 1

4 3

R

    
    
    =  
   − − 
        

B  are 

two possible choices for a basis for RowA.  From the reduced echelon form of A, the null 

space may be described as vectors of the form 

2 4

1 3

1 0

0 1

s t

−   
   

−   +
   
   
   

 for any s and t.  Thus 

2 4

1 3
,

1 0

0 1

N

 −   
    

−    =  
    
        

B  is a basis for NulA. 

 

6.  

a. A set H to be a subspace of V if (i) H V⊆ , (ii) H ≠ ∅ , (iii) H is closed under vector 

addition, and (iv) H is closed under scalar multiplication. 

b. H is not a subspace of 2
�  because, for instance, 

1

1
H

 
∈ 

 
 and 2 is a scalar such that 

1 2
2

1 2
H

   
= ∉   

   
.  If 

2

2

 
 
 

 could be written in the form 
2

a

a

 
 
 

, then, equating on the first 

entry we must have 2a = , but then 2 4a =  and not 2 as required. 

 

7.  

a. The kernel of :T V W→  is the set ( ){ }ker 0T x V T x= ∈ =
�� �

. 
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b. We must verify that kerT satisfies the four properties from (6.a) above: 

(i) kerT is certainly a subset of V as the elements of kerT are the pre-images of 0
�

 under 

the transformation T. 

(ii) Since T is a linear transformation, we know that ( )0 0T =
� �

 and so 0 kerT∈
�

, which 

is, therefore, non-empty. 

(iii) If we choose , kerx y T∈
� �

, then ( ) ( ) ( ) 0 0 0T x y T x T y+ = + = + =
� � �� � � �

 and so 

kerx y T+ ∈
� �

 (that is, kerT is closed under vector addition). 

(iv) If kerx T∈
�

 and c is any scalar, then ( ) ( ) 0 0T cx cT x c= = =
� �� �

 and so kercx T∈
�

 

(that is, kerT is closed under scalar multiplication). 

Taken together, (i) – (iv)  mean that kerT is a subspace of V. 

 

 


