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[4] 1. (a) Let A =

[
a b
c d

]
and B =

[
−1 −4
2 3

]
. Compute the products AB,

BA, and write down the augmented matrix of the linear system which
results from the matrix equation AB = BA.

AB =

[
a b
c d

] [
−1 −4
2 3

]
=

[
−a + 2b −4a + 3b
−c + 2d −4c + 3d

]

BA =

[
−1 −4
2 3

] [
a b
c d

]
=

[
−a− 4c −b− 4d
2a + 3c 2b + 3d

]
Equating the entries of AB and BA, we get the linear system

2b + 4c = 0
−2a− 4c + 2d = 0
−4a + 4b + 4d = 0
−2b− 4c = 0


which has augmented matrix

0 2 4 0 0
−2 0 −4 2 0
−4 4 0 4 0
0 −2 −4 0 0

.

 .

[4] (b) Bring the following matrix to reduced row echelon form using elemen-
tary row operations. Indicate the operations you are performing at
each step. 

0 2 4 0
−2 0 −4 2
−4 4 0 4
0 −2 −4 0


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
0 2 4 0
−2 0 −4 2
−4 4 0 4
0 −2 −4 0

→ (R4 ← R4 + R1)
(R3 ← R3 − 2R2)


0 2 4 0
−2 0 −4 2
0 4 8 0
0 0 0 0



→ (R3 ← R3 − 2R1)
(R2 ← −R2/2)


0 2 4 0
1 0 2 −1
0 0 0 0
0 0 0 0



→ (R1 ↔ R2)


1 0 2 −1
0 2 4 0
0 0 0 0
0 0 0 0



→ (R2 ← R2/2)


1 0 2 −1
0 1 2 0
0 0 0 0
0 0 0 0


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[4] 2. (a) Write down the solution of the linear system given by the following
augmented matrix in vector parametric form.

1 0 2 −1 3
0 1 2 0 −1
0 0 0 0 0
0 0 0 0 0


Suppose the variables are a, b, c, d, respectively. Then c =
s, d = t are free. Hence, using the two equations we get that

a = 3− 2s + t

b = −1− 2s

c = s

d = t.

In parametric vector form, this becomes


a
b
c
d

 =


3
−1
0
0

 + s


−2
−2
1
0

 + t


1
0
0
1

 .

[4] (b) Find a linear system whose solution set is

Span
{
[1, 2, 3, 4]t, [−1, 2,−3, 4]t

}
.
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We wish to determine linear conditions on x, y, z, w such that
the linear system given by

1 −1 x
2 2 y
3 −3 z
4 4 w


is consistent. We bring this matrix to RE form to determine
consistency conditions.

1 −1 x
2 2 y
3 −3 z
4 4 w

→ (R3 ← R3 − 3R1)
(R4 ← R2 − 2R2)


1 −1 x
2 2 y
0 0 z − 3x
0 0 w − 2y



→ (R2 ← R2 − 2R1)


1 −1 x
0 4 y − 2x
0 0 z − 3x
0 0 w − 2y

 .

The linear system is consistent if and only if z − 3x = 0 and
w − 2y = 0. Hence, this linear system has the given span as
its solution set.
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[4] 3. (a) Write down the linear transformation R : R3 → R3 which rotates
points about the y-axis by an angle θ as measured positively from
the positive x-axis to the positive z-axis. Show your work by first
describing the images of the standard vectors e1, e2, e3.

The vector e1 is sent to [cos θ, 0, sin θ]t. The vector e2 is sent
to [0, 1, 0]t. The vector e3 is sent to [− sin θ, 0, cos θ]t. Thus,
the matrix is given by cos θ 0 − sin θ

0 1 0
sin θ 0 cos θ



[2] (b) Write down the linear transformation S : R3 → R2

which sends the vectors [−1, 0, 0]t, [0, 1, 0]t, [0, 0, 2]t to
[−
√

3/2,−1/2]t, [
√

3/2,−1/2]t, [0, 1]t, respectively.

We have that S(−e1) = [−
√

3/2,−1/2]t, and hence, S(e1) =
[
√

3/2, 1/2]t. Also, S(e2) = [
√

3/2,−1/2]t. Finally, S(2e3) =
[0, 1]t, so S(e3) = [0, 1/2]t. Thus, the matrix is given by

[ √
3/2

√
3/2 0

1/2 −1/2 1/2

]
.
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[4] 4. (a) Let P be the linear transformation with standard matrix

A =

[
−
√

3
√

3 0
−1 −1 2

]
.

Find all vectors x ∈ R3 such that P (x) = 0. Is P onto?
We bring the matrix of P to RE form.[

−
√

3
√

3 0
−1 −1 2

]
→ (R1 ← −R1/

√
3)

[
1 −1 0
−1 −1 2

]
→ (R2 ← R2 + R1)

[
1 −1 0
0 −2 2

]
Since every row has a leading entry, we see that P is onto.
Let x = [x, y, z]t. Then the vectors x such that P (x) = 0 are
given by Span([1, 1, 1]t)

[4] (b) Let W = S ◦ R where S : R3 → R2 is a linear transformation and
R(x) = Bx for an invertible 3× 3 matrix B. Suppose that Ker(S) =
Span {[1, 1, 1]t}. Find all vectors x ∈ R3 such that W (x) = 0. You
need not find the vectors explicitly. It suffices to express the answer
in terms of B−1 and Ker(S).

We note that S(R(x)) = 0 if and only if R(x) ∈
Span {[1, 1, 1]t} if and only if x ∈ B−1Span {[1, 1, 1]t} =
Span

{
B−1[1, 1, 1]t

}
.
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5. Let v1,v2,v3,v4 ∈ Rm.

[4] (a) Show that Span {v1,v2} = Span {v1 + v2,v2}.
We note that c1v1 + c2v2 = c1(v1 + v2) + (c2 − c1)v2. Hence,
Span {v1, v2} = {c1v1 + c2v2 : ci ∈ R} ⊆ Span {v1 + v2, v2}.
On the other hand, c1(v1 + v2) + c2v2 = c1v1 + (c1 +
c2)v2 so Span {v1 + v2, v2} = {c1(v1 + v2) + c2v2 : ci ∈ R} ⊆
Span {v1, v2}

[4] (b) Show that if {v1,v2,v3} is linearly-independent and v4 is not a
linear combination of v1,v2,v3, then {v1,v2,v3,v4} is linearly-
independent.

Suppose that c1v1 + c2v2 + c3v3 + c4c4 = 0. We cannot have
c4 6= 0 or else v4 would be a linear combination of v1, v2, v3.
Hence, we have c1v1+c2v2+c3v3 = 0 and by linear indepedence
of {v1, v2, v3} we have that c1 = c2 = c3 = 0 as well.


