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[4] 1. Let A =

(
1 1
0 0

)
, b =

(
0
1

)
. Give the augmented matrix of the linear

system which results from the matrix equation ATAx̂ = ATb.
We have that

ATA =

(
1 0
1 0

) (
1 1
0 0

)
=

(
1 1
1 1

)
ATb =

(
1 0
1 0

) (
0
1

)
=

(
0
0

)
.

The augmented matrix of the associated linear system is thus(
1 1 0
1 1 0

)
.
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[2] 2. (a) Give an example of a 3× 4 matrix A1 in row echelon form such that
A1x = b1 has a solution for every b1 ∈ R3. Justify your answer.

Let A1 =

1 0 0 0
0 1 0 0
0 0 1 0

. There is a pivot entry in every row so the linear

system A1x = b1 has a solution for every b1 ∈ R3.

[2] (b) For a given b1 ∈ R3, must a solution x to A1x = b1 be unique?
The solutions to A1x = b1 are not unique as the dimension of the null
space of A1 is 1.

[4] (c) Give an example of a 3×4 matrix A2 in row echelon form and vectors
b2,b

′
2 ∈ R3 such that A2x = b2 does not have a solution, whereas

A2x = b′2 does have a solution.

Let A2 =

1 0 0 0
0 1 0 0
0 0 0 0

. For b2 =

0
0
0

, the linear system A2x = b2 has

a solution, namely x = 0. For b′2 =

0
0
1

, the linear system A2x = b′2 is

inconsistent.
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3. Let A =

 1 1 0
0 2 0
−1 1 2

. Suppose that b1 =

1
0
1

 ,b2 =

1
1
0

 ,b3 =2
2
1

 are eigenvectors for A.

[2] (a) What are the eigenvalues corresponding to each of b1,b2,b3? 1 1 0
0 2 0
−1 1 2

 1
0
1

 = 1

1
0
1


 1 1 0

0 2 0
−1 1 2

 1
1
0

 = 2

1
1
0


 1 1 0

0 2 0
−1 1 2

 2
2
1

 = 2

2
2
1

 .

Hence the eigenvalues of b1,b2,b3 are 1, 2, 2 respectively.

[4] (b) Is A diagonalizable? If so, give an invertible matrix P and a diagonal
matrix D such that A = PDP−1.

A is diagonalizable as {b1,b2,b3} is a basis of R3 consisting of eigenvectors
of A. The matrix P and D are given by

P =

1 1 2
0 1 2
1 0 1


D =

1 0 0
0 2 0
0 0 2

 .

[4] (c) Let λ2 be the eigenvalue corresponding to the eigenvector b2 of A.
Find a basis for the eigenspace of A corresponding to the eigenvalue
λ2. Justify your answer carefully.
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Note that λ2 = 2 and both b2,b3 ∈ EA(2) and are linearly-independent.
We cannot have that EA(2) = R3 as there is an eigenvector with eigenvalue
1, namely b1. Hence, dim EA(2) = 2 and {b1,b2} forms a basis for EA(2).
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4. Let V be an inner product space. Let W be a subspace of V .

[4] (a) Prove that W⊥ is a subspace of V .

Note that 0 ∈ W⊥ as < 0,w >= 0 for all w ∈ W . Suppose u,v ∈ W⊥

and c ∈ R. Then < u + v),w >=< u,w > + < v,w >= 0 and
< cu),w >= c < u,w >= 0 for all w ∈ W as required.

[4] (b) Suppose w ∈ W,w⊥ ∈ W⊥, w 6= 0, w⊥ 6= 0, and αw + βw⊥ = 0.
Prove that α = β = 0.

Suppose αw + βw⊥ = 0. Then < w, αw + βw⊥ >= α < w,w >= 0
and < w⊥, αw + βw⊥ >= β < w⊥,w⊥ >= 0. Hence, α = β = 0 as
< w,w >6= 0 and < w⊥,w⊥ >6= 0.

[4] (c) Suppose we are in the special case where V = Rn and 〈u,v〉 = u ·v.
Show that dim W⊥ = n− dim W .

Let B = {b1, . . . ,bn} be a basis for W . We note that W⊥ = NulAT where
A is the matrix whose columns are b1, . . . ,bn. The rank of AT is the rank
of A which is the dimension of W . We know that rank(AT )+dim NulAT =
n. Hence, dim W + dim W⊥ = n as required.
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[4] 5. (a) Find the characteristic polynomial of A =


1 0 1 1
0 1 1 1
0 0 2 4
0 0 4 2

.

We have that

pA(λ) =

∣∣∣∣∣∣∣∣
1− λ 0 1 1

0 1− λ 1 1
0 0 2− λ 4
0 0 4 2− λ

∣∣∣∣∣∣∣∣
= (1− λ)2

∣∣∣∣ 2− λ 4
4 2− λ

∣∣∣∣
= (1− λ)2(4− 4λ + λ2 − 16)

= (λ− 1)2(λ2 − 4λ− 12)

= (λ− 1)2(λ− 6)(λ + 2)

[4] (b) Determine a basis for the eigenspace of A corresponding to the eigen-
value 1.

We wish to determine a basis for Nul(A− I).
0 0 1 1
0 0 1 1
0 0 1 4
0 0 4 1

→


0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

 .

A basis is given by




1
0
0
0

 ,


0
1
0
0


.

[2] (c) Is A orthogonally diagonalizable?
A is not orthogonally diagonalizable as A is not symmetric.
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6. Let b1 =


1
1
0
0

 ,b2 =


1
2
0
0

 ,b3 =


1
2
0
0

 ,b4 =


1
1
1
0

.

[4] (a) Find an orthonormal set C such that Span {b1,b2,b3,b4} = Span C.
We note that Span {b1,b2,b3,b4} = Span {b1,b2,b4}. We apply Gram-
Schmidt to get an orthogonal basis first.

v1 = b1 =


1
1
0
0


v2 = b2 −

b2 · v1

v1 · v1
v1

=


1
2
0
0

− 3

2


1
0
0
0



∼


−1
1
0
0


v4 = b4 −

b4 · v1

v1 · v1
v1 −

b4 · v2

v2 · v2
v2

=


1
1
1
0

−


1
1
0
0



=


0
0
1
0

 .

Then
{

1√
2
v1,

1√
5
v2,v4

}
is an orthonormal basis for W .
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[2] (b) What is the minimum distance between the vector y =


1
1
1
2

 and a

vector in Span {b1,b2}.
We note that Span {v1,v2} is an orthogonal basis for W = Span {b1,b2}.

Then ŷ = ProjWy =


1
1
0
0

. Hence the minimum distance is ‖y−ŷ‖ =
√

5.
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[4] 7. (a) Suppose that A is a square matrix such that ATA = I. Prove that
det A = ±1.

Since ATA = I, we have that det AT det A = 1 and hence (det A)2 = 1
as det A = det AT . Thus, det A = ±1.

[2] (b) Let C be an orthonormal basis for R3. What is the volume of the
parallelpiped spanned by the vectors in C?

Let A be the matrix whose columns are the vectors in C. Then ATA = I as
C is orthonormal. The volume of the associated parallelepiped is |det A| =
1

8. Suppose B = {b1,b2,b3} is a basis for a vector space V .

[2] (a) What is the dimension of V ?
The dimension of V is 3.

[2] (b) What is the maximum number of elements in a linearly-independent
subset of V ?

The maximum number of elements in a linearly-independent subset of V
is 3.

[2] (c) Suppose T : V → V is a linear transformation such that T (b1) =
2b1 + b2, T (b2) = b3, T (b3) = b1 + b3. Determine [T ]B.

We have that

[T ]B =

2 0 1
1 0 0
0 1 1

 .

[4] (d) Suppose T : P1 → P2 is the linear transformation given by T (a0 +
a1t) = a0t + a1t

2. Let B be the standard basis for P1 and C be the
standard basis for P2. Determine [T ]C←B.

We have that

[T ]B =

0 0
1 0
0 1

 .


