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{l,t, tz} is a basis for P,.
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So we have that {1,t,t2 —%} is an orthogonal basis for P, .
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From the reduced echelon form of A we see that B. =4| 2 |,| 6 |¢, B, = oll 1 , and
=2)\7
0)\1
1 0
2110 .
B, = o Il 1 are bases for ColA, NulA, and RowA, respectively.
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Let [A]B = (xj , then
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This gives a system of linear equations whose augmented matrix is
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Thus [A], = Cj - (j} .
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the basis C. Let {_11 ﬂc = (:] and {_01 (ﬂc = @ j then
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The above correspond to two systems of linear equations, which we can solve simultaneously

} } so we must write the elements of B as a linear combination of
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Then X' = (Oj +s (J (for any se€ R) are the least-squares solutions of AX=5b.
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is the least-squares error.

A transformation T :V — W is said to be linear if

T(a+v)=T(2)+T(v)

T (cii)=cT(

for all #,v eV and all scalars c.
Let p,ge P,, then

T(p(1)+q(1))=(1=1)-(p(t)+q(2))=(1-1)- p(t) +(1=1)q (1) =T (p (1)) + T (q(2))
T(c-p(t))=(1=1)-(c-p(t))=c-(1=1)- p(t)=c-T(p(1))

And so T is linear.

1 0 O
“[[ro], 0] [r@)]]=[0-0 [-e] [F-e1]=, L
0O 0 -1

is the matrix of T relative to B and C.

A is orthogonally diagonalisable if there is an orthogonal matrix P and a diagonal matrix D such
that A= PDP".
A is symmetric.
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The eigen-values of A are —4 and 6.

55 I 1 _ -1 . :
A=—4: A+4] = ~ sothat v_, = { is an eigen-vector of A.

55 0 0
-5 5 1 -1 (1), .
A=6: A-6] = ~ so that v, = is an eigen-vector of A.
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We normalize v_, and v, as the columns of P need to be unit vectors:
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Then let P = (ii_, ﬁé)z(f Jf] and D=[ j,then A=PDP".
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a. Sis linearly independent if whenever we choose scalars CpyensC, such that ¢V, +...+ c,v,= 0,
we must have that ¢, =...=¢, =0.

b. Let T:V — W be a linear transformation of vector spaces V and W, and suppose that
{\71,...,\7[,} c V. If the set {T (v,),....T (\7/, )} is linearly independent, prove that the set

{\71 seees ¥, } is also linearly independent.

Suppose that {\71,. e vp} is linearly dependent. Then there are scalars Cp5-++5C, , NOL all zero

such that ¢y, +...+¢,V, =0. Then

0=T(0)=T(cp +...+¢,7,) =T (%) +...+¢,T(7,)

and we have constructed a non-trivial linear combination of 7 (,),...,T (\7 p) equaling zero.
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Thus {T (#,)s-..T (7, )} is a linearly dependent set.

A set Wto be a subspace of Vif i) W cV, (il)) W #J, (iii) Wis closed under vector addition,
and (iv) Wis closed under scalar multiplication.

Let W be a subspace of R". Show that the set W™, the orthogonal complement of W, is also a
subspace of R".

(i) W+ c R" follows from the fact that W c R".

(ii) For any we W, w-0=0. This means that 0e W*, and so W = .

(iii) Choose y,z€ W*. Then for any we W, w-(y+z)=w-y+w-Z=0+0=0 and so
y+ze W',

(iv) Finally, choose 7€ W™ and any scalar c. Forany we W, w-(cZ)=c(w-zZ)=c0=0 and

so cze W,

Together, (i) — (iv) show that W™ is a subspace of R".

A and B are said to be similar if there is some invertible matrix P such that A= PBP™".
Let A and B be similar matrices and choose P such that A= PBP™'. Then

fi(A)=det(A—AI)=det(PBP" = APP™") =det(P(B-AI)P"')
=det(P)det(B - AI)det(P™') =det(P)det(P")det(B—AI)
=det(PP™")det(B—AI)=det(I)det(B—Al)=det(B—Al)= f,(A)

and A and B have the same characteristic equation.



