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1. Let G be an undirected graph or multigraph with no isolated vertices.

(@) [2 marks] Assuming that the definition of a walk is known, what is meant by saying that
G has an Euler circuit?

(b) [2 marks] State necessary and sufficient conditions for G to have an Euler circuit.

(c) [4 marks] Let s be any vertex of G. Prove in careful detail that, if the conditions you
have stated in part (b) are satisfied, there is a circuit of G of nonzero length containing s.



(@) [5 marks] Poker chips come in three colours: red, blue and green. Let a, be the number
of ways of stacking n of these chips so that no three consecutive chips are green. Find,
with justification, a recurrence relation for a,. (Do not try to solve the recurrence
relation.)

(b) [5 marks] The general solution of the recurrence relation
a,,+ba, ,+ba =b2", n>0, with b constant for 1<i <3,

is c,2"+c¢,(-4)"+n2". Find b, foreach 1<i<3.



3. [6 marks] Up to isomorphism, how many loop-free undirected graphs are there with four
vertices? Justify your answer.



4. Let G be a connected planar graph or multigraph with v vertices, e edges, and r regions
determined by a planar embedding of G.

(@) [1 mark] What does it mean for G to be connected?

(b) [1 mark] What does it mean for G to be planar?

(c) [1 mark] State the relationship between v, e and r given by Euler’s Theorem.

(d) [5 marks] Suppose the relationship you have stated in part (c) holds when G contains up
to e — 1 edges. Let f be an edge joining distinct vertices a and b for which the graph
G —f is connected. Prove in careful detail that the relationship holds for G containing e
edges.



5. Determine whether the following statements are TRUE or FALSE. In both cases demonstrate
conclusively why.

(@) [4 marks] Up to isomorphism, there are exactly three complete bipartite graphs with 6
vertices.

(b) [4 marks] The following graph is planar.




