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[10] 1. Solve the following recurrence relation

a
n+1 + 2a

n
= 2n (n ≥ 0), a0 = 1 .

You may use any of the methods we learned.
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[2] 2. (a) Evaluate

(

2
3

2

)

. (Simplify your expression to get a simple fraction.)

[2] (b) Explain why p(4) = 5. (That is, list all objects that are counted by p(4).)

[2] (c) For each of the five objects you listed in the previous part, draw the corresponding
Ferrers diagram.
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3. Find generating functions for the following sequences (include all the necessary compu-
tation).

[1] (a) 1, 0, 1, 0, 1, 0, 1, 0, . . .

[2] (b) 1,−1, 1,−1, 1,−1, . . .

[2] (c) 2, 0, 4, 0, 8, 0, 16, . . .

[3] (d) The generating function for the sequence of third powers, 03, 13, 23, 33, 43, 53, . . .

is f(x) =
x3 + 4x2 + x

(1 − x)4
. (You don’t need to verify this.) Use this fact to find the

generating function for 0, 0,−13, 23,−43, 53, . . .

[2] (e) Find [x2]( 2
x

+ 3x)10.

[4] (f) Find [x60]1+3x+x
2

(1−x
3)3

.
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4. We want to distribute 101 cookies to three children: Adam, Beata, and Colin.

• Adam always eats two cookies at the same time, so we want to give him an even
number of cookies, but not more than 20.

• Beata has a birthday today, so we want to give her at least 20 cookies.

• Colin can get any number of cookies.

Find out how many ways we have to distribute the cookies.

[3] (a) Express the answer as a coefficient of some power of x in an appropriate generating
function f(x). (Don’t forget to explain why your formula is correct.)

[4] (b) Express f(x) as
a polynomial

(1−x
2)3

.

[3] (c) Use the binomial theorem to get the final answer.
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5. Consider the graph on the figure. In the first four questions you don’t need to provide
any explanation.

a

b

e

f

h

i

c d

g
j

l

k

[1] (a) How many vertices does the graph have?

[1] (b) How many edges does the graph have?

[1] (c) How many cycles of length 4 does the graph have?

[1] (d) How many cycles of length 3 does the graph have?

In the following parts we will consider various walks in the graph. (You may use any of the several
ways to specify a walk.) In parts (f) and (g) explain why the walk you provided is not a path/a trail.

[2] (e) Write down an a-d path.

[2] (f) Write down an a-d trail that is not a path.

[2] (g) Write down an a-d walk that is not a trail.


