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1. (a) 1 mark Let A and B be events. Define the conditional probability P (A|B).

(b) 5 marks Each of five friends in turn tosses a coin whose probability of landing
heads is p. If we know that not all five tosses land the same, what is the probability
that one toss lands differently from all the others?
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2. 5 marks Monty has devised a new game, involving one lockable door behind which is
a car. The door is initially unlocked with probability 1

3
. Monty offers the contestant a

box of 12 keys, only one of which fits the lock of the door. The contestant is allowed
to choose two keys from the box. What is the probability the contestant can open the
door to claim the car?
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3. Each of the following statements is false. For statements (a), (b) and (c), correct the
text contained within the box. For statement (d), demonstrate conclusively that it is
false.

(a) 1 mark The number of derangements of n objects is 1− 1 + 1
2!
− 1

3!
+ · · ·

(b) 1 mark The number of integer solutions to the equation x1 + x2 + · · ·+ xn = r,

where xi ≥ 0 for each i, is
(

n+r−1
r−1

)
.

(c) 1 mark The Generalised Principle of Inclusion-Exclusion gives an expression for

the number of elements of the set satisfying at least m conditions .

(d) 3 marks Let S be the set of shaded chessboards comprising 4 squares. Let T be
the set of rook polynomials corresponding to the chessboards of S. There is only
one polynomial of degree 3 in T .
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4. (a) 2 marks Define the rook polynomial r(C, x) for a chessboard C consisting of a
set of shaded squares, defining any notation you use.

(b) 2 marks State a recursive formula for r(C, x), defining any notation you use.

(c) We wish to determine the number of 1 − 1 functions f : {1, 2, 3} → {u, v, w, x}
which satisfy the constraints

f(1) 6= u, x f(2) 6= v f(3) 6= u, v, w.

2 marks Set up this problem as an inclusion-exclusion problem by defining a
suitable set S and conditions ci, and represent the conditions by means of some
chessboard C.

3 marks Use the recursive formula to evaluate the rook polynomial r(C, x) for
the chessboard C you have drawn.

2 marks Use the Principle of Inclusion-Exclusion applied to 1−1 functions (which
you need not prove or justify), and the calculated value of r(C, x), to determine
the number of 1− 1 functions satisfying the given constraints.
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5. Let S be a set of N elements and let c1, c2, . . . , ct be conditions on elements of S.

(a) 2 marks State the Principle of Inclusion-Exclusion, defining any notation you
use.

(b) 8 marks Prove the Principle of Inclusion-Exclusion.
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6. Note: this question will be marked in accordance with your preference stated below.

2 marks Answer yes or no: would you like to be awarded 2 marks for answering this
question?

7


