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1. Answer the following questions with "true” or ”false”. No explanation
is necessary. [1/2 mark each = 4 marks]

C(z)

(a) If the cost for producing x units is given by C(z), then == is

the marginal cost.

False, C'(x) is the marginal cost.

(b) If there is a value = ¢ such that f’(¢) = 0, then the graph of
the function f is a horizontal line.

False, the tangent line to the graph in (¢, f(c)) is horizontal, not
necessarily the whole graph.

(c) sin(x —y) = sinz cosy — coszsiny, for any real numbers z and
Y.

True
(d) The function f(z) = e~(*~Y” is increasing on the interval (—o0, 1).
True, since f'(x) = 2(1 — x)e—(x—l)Q'

(e) If the function f is continuous on the interval [a,b] and f(c) is
the absolute maximum of f on this interval, then either ¢ = a,
c = b, or ¢ is a critical number.

True
(f) If f(z) = g(h(z)) for some functions g and h, then
f'(x) = g'(x)l (z).

False, by the chain rule f'(x) = ¢'(h(x))h/(x).

(g) If (¢, f(c)) is an inflection point for the function f, then f”(c) =0
or f”(c) does not exist.

True

(h) If f is a polynomial of degree n, where n > 4, then f*) is a
polynomial of degree at most n — 4.

True, because by the power rule (z") = na™"!.



2. Under (a), (b), and (c) graphs of functions are given. For each of these
find the graph of the corresponding derivative function under (1)-(6).
Write the number next to the graph of the function. There are three
extra graphs given that do not correspond to any of the graphs under
(a)-(c). An explanation is not necessary. [1 mark each = 3 marks]|
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3. Compute the derivatives of the given functions. You don’t need to
simplify the answer. [2 marks each = 6 marks]

(a) f(x)=tan (f;‘f’).

/ _ 2 (22-3)\ 2z(z+1)—(22-3) _ 2 (22=3)\ 2242243
f(x) = sec ( T ) rD)? = sec” (L7 ) e

(b) g(@) = 5 — (In(1 - 2?))*

g (z) = —%x_g —21In(1 — 2?)

= _Sxéﬁ + 25 In(1 — 2?)

2 (~22)

— T 98
(c) h(z) = Tlze” + g

R (z) ="T71e" 4+ Tlaxe® = 71(1 4 x)e”.



4. The owner of a coffee place has computed that the average cost in

dollars of making = cups of coffee during a day is given by the function

C(z) = 7v5405?“6300. He sells the coffee for $3 per cup. [8 marks]

(a) Compute the marginal cost function.

The cost function is given by

C(z) = 2C(x) = V/540z + 6300 = 3v/60z + 700 = 6v/15x + 175

and thus the marginal cost function is

540 270 90 45

Cl €Tr) = = = = .
(@) 2v/540x + 6300  /540x + 6300  /60x + 700  /15z + 175

(b) Give a function P which expresses the profit if x cups of coffee
are made and sold.

Revenue: R(z) = 3x.

Profit: P(z) = R(z) — C(z) = 3z — +/540x + 6300.

(c) Find the break-even quantity.

The break-even quantity is « such that P(x) = 0, or equivalently
R(z) = C(x).
3z = v/540z + 6300 = 922 = 540z + 6300
& 2% — 60z — 700 =0

1
Sr=3 (60 £ v/3600 + 2800) = 30 =+ 40.

Therefore the break-even quantity is 70 cups of coffee.

(d) For which number of cups of coffee sold is the profit minimal?
Remember that the coffee place can only sell an integer number
of cups (so no fractions or decimals as answer). What is the profit
or loss in this case? Give your answer accurate up to dollar cents.

First we need to find the critical numbers of P.

45 315z + 175 — 45
V1bz + 175 1z + 175

So there are no numbers z in the domain of P such that P’'(z)
does not exist. Furthermore

P(z) =0< 15z + 175 = 15
= 152 + 175 — (15)? = 152 — 50 = 0
50 10

===
Y7157 3

P'(z)=3-



The first derivative test, i.e. computing P’(z) for an z < %
and for an z > 1 shows that (X, P(%)) is a local or relative
minimum.

Since coffee can only be sold in an integer number of cups, the
minimum profit is reached for either z = 3 or . = 4. P(3) =
9 — 12/55 ~ —79.99 and P(4) = 12 — 61235 ~ —79.98. The
minimum profit, a loss of $79.99, is attained at 3 cups of coffee.



5. Given is the function
2z

f(x>:x2_1'

The first and second derivative are given by

by —2(2? 4 1) v Ax(x?+3)
f(l‘)—wa f(@—m-

[11 marks]

(a) What is the domain of f?
Dom f =R\ {£1},
(b) Compute any z- and y-intercepts of f.
fz)=0&2=0, f(0) =0.
So the only z- and y-intercept is the point (0,0).

(c¢) Find all horizontal and vertical asymptotes of f.

. z 2
so y = 0 is a horizontal asymptote.
lim f(z) = —o0,
r——1-
lim ) = 00,
Lt ()
lim f(x) = —o0,
r—1—
lim f(z) = oo,
i f(z)

so there are vertical asymptotes at x = +1.

(d) Find the intervals on which f is increasing and decreasing. Find
any relative extrema of f and identify them as maxima or minima.

First find the critical numbers of f and the numbers z for which
f(x) does not exist. f(x) does not exist for x = +1. There are
no numbers z in the domain of f such that f’'(z) does not exist.
There are also no x such that f/(x) = 0.

The first derivative test shows then that f'(z) < 0 for all x in the
domain of f and thus f is decreasing everywhere on its domain.
There are no relative extrema.

Question 5 continues on the following page.



()

Find all intervals where f is concave up or concave down and all inflec-
tion points.

First find all critical numbers of f/ and numbers x where f does not
exist. f(x) does not exist for & = +1. There are no numbers z in the
domain of f such that f”(x) does not exist. Furthermore f”(z) =0 <
z=0.

The concavity test shows that f”(z) < 0 for € (—o00,—1) and for
x € (0,1), so f is concave down(wards) on these intervals. Furthermore
f"(x) > 0 for z € (—1,0) and z € (1,00) and therefore f is concave
up(wards) on these intervals. f(0) = 0 and thus (0,0) is an inflection
point. At x = —1 and 2 = 1 there are no inflection points, because
these numbers are not in the domain of f.

Use the information you have found to sketch the graph of f in the
coordinate system below.
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