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1  a) Use L'Hôpital's Rule  to find the limit 30

sinlim
x

x
x→

x−  .                    (6 marks)   

Solution  30

sin 0lim  ( )
0x

x x
x→

−  

                  20

1 cos 0lim  ( )
03x

x
x→

−
=                                                   (3 marks) 

                 

                  
0

sin 1lim  =
6 6x

x
x→

= .                                                       (3 marks) 

 
 
 
 
 
 
 

b) Given (sec )xy = x , find  dy
dx

 by the logarithmic differentiation.  (6 marks) 

    Solution  If (sec )xy = x x, then          (2 marks) ln ln(sec ) ln(sec )xy x x= =
               Differentiate both sides of the equation with respect to ,  x
                 (l . n ) ' ( ln(sec )) 'y x x=
               So,    

                 1 ' ' ln sec (lnsec ) 'y x x x x
y
⋅ = ⋅ + ⋅                                    (1 mark) 

                         (sec ) 'ln sec lnsec tan
sec

xx x x x
x

= + ⋅ = + x .               (2 marks) 

               Finally,  
                   (1 mark) ' (ln sec tan ) (sec ) (lnsec tan )xy y x x x x x x x= ⋅ + = ⋅ +
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2  Use a linear approximation to estimate 3 26  .                                 (6 marks)  
Solution   The linear approximation of ( )f x  at x a=  is  
                   ( ) ( ) '( )( )f x f a f a x a≈ + −   
                Take 3( )f x = x  and 27a = .                                          (2 marks) 

                         
1 2

3 3 31'( ) ( ) ' ( ) '
3

f x x x x
−

= = = . 

                The linear approximation of 3( )f x x=  at 27x =  is  

                    
2

23 3 31 127 (27) ( 27) 3 3 ( 27)
3 3

x x
− −≈ + ⋅ − = + ⋅ ⋅ −x   (2 marks) 

                 So  3 126 3 (26 27) 3
27 27 27

≈ + − = − =
1 80

x

.                     (2 marks) 

  
3  Prove that  , for .                                                  (6 marks) ln(1 )x+ < 0x >
Solution 1 Take ( ) ln(1 )f x x x= + − . f  is continuous on [0 . (2 marks)    , )+∞

                 Because 1'( ) [ln(1 ) ]' 1 0
1

f x x x
x

= + − = − <
+

, for , 0x >

                  f is decreasing on [0, )+∞ .                                            (2 marks) 
                 So, (0) ( )f f x> , for , that is 0x >
 
                   0 (0) ln(1 )f x= > + − x x , or   ln(1 )x+ < , for .   (2 marks) 0x >
 Solution 2 Take ( ) ln(1 )f x = + x .                                                  
                   Since f  is continuous on [0   and  , ]x
                     f is differentiable on , for                    (2 marks) (0, )x 0x >
                    the function satisfies the hypotheses of the mean value theorem. 
                   So,  ( ) (0) '( ) ( 0)f x f f c x− = ⋅ − ,      0 c x< <   .                         

                    Because (0) 0f = , 1'( ) 1
1

f c
c

= <
+

 and ,      (2 marks) 0x >

                          ( ) 0 '( )f x f c x− = ⋅ < x
x

, that is 
                        ln                                                         (2 marks) (1 )x+ <
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4  Suppose that  is an implicit function defined by ( )y f x= 2x y x yae be e− −+ =   
 and  (0) 0f =  is a local extremum. Determine  the numbers  and b .(6 marks) a
Solution  Since (0) 0f = , substituting 0x =  and 0y =  into 2x y x yae be e− −+ = , 
                 We have  .                                                         (2 marks) 1a b+ =
                (0) 0f =  is a local minimum, so '(0) 0f = .                    (1 mark) 
                  By the implicit differentiation, we get 
                  2( ) ' ( ) 'x y x yae be e− −+ =  , 
                   , 2( 1) 2 ' (1 ')x y x yae be y e y− −⋅ − + ⋅ = ⋅ −
                  Substituting , 0x = 0y =  and ' 0y =  into the equation above, 
                   We get that ,  or 1a− = 1a = − .                                      (2 marks) 
                    . 1 1 ( 1)b a= − = − − = 2
                  So,  and .                                                     (1 mark) 1a = − 2b =
 
 
 
 
 
 
 
5 Find a rational function  such that  ( )y f x= f has a vertical asymptote 1x =   
   and a horizontal asymptote 2y = .                                                     (5 marks) 

Solution  Let  ( )( )
( )

p xf x
g x

=  be a rational function.                           (1 mark) 

                Because  is a vertical asymptote, 1x = 1x −  is a factor of . ( )g x
                It is convenient to take ( ) 1g x x= − .                                 (2 marks) 

                Because  is a horizontal asymptote, 2y = ( )lim ( ) lim 2
( )x x

p xf x
g x→∞ →∞

= = . 

                So the degree of  should be the same as that of . (1 mark) ( )p x ( )g x
                It is convenient to take  ( ) 2p x x= .                                               

                2( )
1

xf x
x

=
−

. (It is not unique)                                             (1 mark) 
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6 Sketch the graph of  
2

( ) xf x e−= .                                                     (10 marks) 
   Note: Locate the intercept; Determine the     interval(s) on which y − f is 
increasing or decreasing; Locate any local extremes; Determine the interval(s) 
on which f  is concave upward or downward; Locate any inflection points; 
Locate any asymptotes and sketch the graph.        
Solution  a)     , so 

20(0) 1f e−= = y −  intercept is (0 .                 (1 mark) ,1)

               b)    
2 2

'( ) ( ) ' ( 2 )x xf x e e− − x= = − . 
                     Let     '( ) 0f x = , we get the critical number  . 0x =

Interval ( ,0)−∞  0 (0, )+∞  

'( )
'( )
( )

k
f k
f x
f x

 

1−
+
+

/

 

 
 
 
 

Local 
max.

1
−
−

2

 

                       So, f is increasing on ( ,0)−∞  and decreasing on (0 . , )+∞
                       (0) 1f =  is a local maximum.                                     (3 marks) 

                c)        
2 2 22 2''( ) [ ( 2 )]' ( 2 ) ( 2) (4 2)

2x x x xf x e x e x e x e− − −= − = − + − = − − . 

                        Let  ''( ) 0f x = , we get 1
2

2
x = −  and 2

2
2

x = . 

Interval 2( ,
2

−∞ − )  2
2

−  2 2( ,
2 2

− ) 2
2

 2( ,
2

+∞)

''( )
''( )
( )

k
f k
f x
f x

 

1−
+
+
∪

 

 
 
 

Inflection
point 

0
−
−
∩

 

 
 
 

Inflection 
point 

1
+
+
∪

 

                       So, f is concave upward on 2 )
2

−∞ −
2 )

2
+∞( ,  and ( , .  

                              f is concave downward on 2 2( ,
2 2

− ) .            
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1
22( ,

2
e
−

− )  and 
1
22( ,

2
e
−

+ )  are inflection points.  (3 marks) 

d) Because 
2

lim ( ) lim 0x

x x
f x e−

→±∞ →±∞
= = ,  

       is a horizontal asymptote.                               (1 mark) 0y =
e) Sketch the graph.                                                       (2 marks) 
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