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— X#1 :
1 a) Let f(x)=1|x-1]| ” , find lim f(x) (4 marks)
L
4, x=1
. . oxP-1 . xP-1
Solution lim f(x)= lim = lim (2 marks)
x—1" x—>1’|X—l| x—1" 1—X
tim DD i Coxr)
X1 1-x X1
=2 (2 marks)
1
b) Find lim(1+sinx)X. (4 marks)
x—0
1
Solution1 Let y=(1+sinx)X*,
! In(L+sin x)
Iny =In(l+sinx)* = : (1 mark)
X
Because limIny=Ilim In(1+sinx) (9) = lim [In(+sin X)]
Xx—0 x—0 0 x—0 X'
——-COS X
— lim 1+SINX =1, (2 marks)
x—0
1
lim(L+sinx)* =limy = lime"Y =e. (1 mark)
x—0 x—0 x—0
1 sinx 1
Solution 2 lim(L+sinx)* = lim(1+sin x)sinx x (2 marks)
x—0 x—0
sin x

1 sinx 1 X
= lim(1+sinx)sinx x = lim| (1+sin x)sinx
x—0 x—0

=e =€ (2 marks)



In[In(In x)] i

2 a) Find the domain of the function f (x) = nx. (4 marks)

X—3
Solution xshould satisfy the following conditions
(x>0 x>0
Inx>0 x>1
] , thatis < : (2 marks)
InInx>0 X>e
(Xx=3#0 (X#3
Finally, the domain is the set {x;x>e,x =3} . (2 marks)

b) Given F(x)= f2[g(x)], g =2, g'() =3, f(2) =4, and f'(2) =5,

find F'(D). (4 marks)
Solution Using the chain rule, we have
F'(x)=2f[g(x)]- f'(9(x))-g'(x), (2 marks)
So

F'@=2f[gM]- f Ta@]-9'@)=21(2)- 1'(2)-9')
=21(2)-1'(2)-9g'(1)=2-4-5-3=120. (2 marks)



3 a) Given y =tan"*(coshv/x* +1), find y". (5 marks)
Solution y'= 1 -(coshv/x? +1)' (2 marks)
1+ (cosh/x* +1)°

1
1+ (cosh/x* +1)°

sinhx® +1-(Wx2 +1)' (1 mark)

H 2 2 1
_ sinhvx“+1  (x%) (1 mark)
1+ (coshvx? +1)% 2vx® +1

- 2

sinhv/x“ +1 X (1 mark)

1+ (coshvx2 +1)2 X2 +1

b) A boy starts walking north at a speed of 1.5 m/s, and a girl starts
walking west at the same point P at the same time at a speed of 2 m/s.
At what rate is the distance between the boy and the girl increasing

6 seconds later? (5 marks)
d___abx Solution Let t be the time in seconds, x = x(t) be
7 the position function of the girl and y = y(t) be the
Vs position function of the boy. The distance z
o S between boy and girl satisfies the equation
" 22 = x2 + 2. (1 mark)
/

Differentiating both sides of the equation with
respect to t, we have

(2°), =(X*+Y?°),, 22-2, =2X-X +2Y - Y,.

Soz = 2NV N (2 marks)
z
x. =2 m/s, y, =1.5m/s are given.
Whent=6s, x=2-6=12 m, y=15-6=9m,
z:\/x2+y2 ~J12° +9% =15m. (1 mark)
So, zt‘ _XAEY Y :12'2+9'1'5:2.5(m/5). (1 mark)
t=6 4 15

t=6



4 a) Use a linear approximation to estimate In0.9. (5 marks)
Solution  The linear approximation of f(x) at x=a is

f(x)= f(a)+ f'(a)(x—a).

Take f(x)=Inx, a=1. (2 marks)
f'(X)=(>nx)'=1/x.

The linear approximation of f(x)=Inx at x=1is

IanIn1+%(x—1):(x—1) (2 marks)

So In0.9~(0.9-1)=-0.1. (1 mark)

b) Find the dimensions of the right circular cylinder of maximum volume
that can be inscribed in a right circular cone of radius R and height H.
(6 marks)
Solution Let r be the radius of the base of the
right circular cylinder, h be its height.
So the volume V is V = zr*h. (1 mark)
By similar triangles, we get

%: H-h Solving it for h, we have
r
h=H —ir
fe—— R ——] R

Hence V =zr*h=(zr*)(H —%r) = rHr? —n%rs. (2 mark)

We take the closed interval [0,R] as the domain of V..
Now, find the maximum of V on [0, R].

V'=(zHr? —ﬂ%r?’)':ZﬂHr—?w%rz
LetV'=0,weget r=2R/3 0on (0,R). (1 mark)
Evaluate V(0) =0, V(2R/3)=4~xR*H /27and V(R) = 0.
Thus the cylinder of maximum volume has radius r = % (1 mark)

and the height is h| 2z =H _HZR_H (1 mark)
=3 R 3 3



5 a) Prove that f (x) =

—2X+sinx has exactly one positive root.

(x+1)2
(5 marks)
Solution f(x)= > —2X+sinXx is a continuous on [0,1].
(x+1)
Since f(0)=1>0and f(1) :—£+sin1< 0, (2 marks)
by the intermediate value property, there exists at least one
number c in (0,1) such that f(c)=0. (1 mark)
It follows that f (x) has at least one positive root.
Since f'(x)=——=—2+cosx<0 , forall x>0,
(x+1)
f (x) is a decreasing function on [0,+x).
Thus, f (x) has exactly one positive root. (2 marks)

(Or:suppose that c,and c, are two positive roots of f(x), that is

f(c)=0=f(c,).

By the Rolle theorem, there exist at lest one number ¢ such that
f'(c)=0, ¢ <c<ec,.

But f'(x) <0, forall x>0, we get a contradiction,

which implies that f (x) can only have one positive root)

b) Use the mean value theorem to show that
|sinb—sinal|<|b—a], for all real numbers a and b. (4 marks)

Solution Take f(x)=sinx.
For all real numbers a and b, f(x) is continuous on the closed
interval [a,b] and differentiable on the open interval (a,b).

By the mean value theorem, there exists at least a number cin
(a,b) suchthat f(b)- f(a)= f'(c)(b—a), thatis

sinb—sina=cosc(b—a). (2 marks)
So [sinb-sinal|=cosc|-|b—a|.
Because |cosc|<1, forany c, (1 mark)

|sinb—sinal<|b—al. (1 mark)



6 Given the parametric curve

x=e', y=e".
2
a) Find dy and d_g/ (6 marks)
dx dx
1 —ty\: _at
Solution 1 M YO _€)' "2 (3 marks)
d x(t)  (¢') e
4
dy _ dt
dx>  Xx'(t)
(-e)' 2 3t
== =——=2e". (3 marks)
(€)’ e
: 4 11
Solution2 y=e~ =—=—, (2 marks)
e X
dy 1
= __ - 2 marks
dx  x? ( )
d®y 1 3
—=(——)"'=2x"". 2 marks
o ( x2) ( )
b) Find the equation of the line tangent to the curve that is parallel to the
line y+x=1. (4 marks)
Solution The tangent line is parallel to the line y+ x =1,
so the slope of the tangent is —1. (1 mark)
Let dy =-1, we have
dx
—e'=_1,50t=0. (1 mark)
When t=0, x=e’=1, y=e?=1, (1 mark)

the point slope equation of the tangent line is
y—-1=-1(x-1),thatis y=—x+2. (1 mark)



7 a) Express the polar equation r =cos 26 in rectangular coordinates.(4 marks)
Solution  r =cos26 =cos* 8 —sin*4.
Multiply both sides by r? to get

r* = (rcosd)® —(rsin9)?. (2 marks)
Because r® = x> +y?, x=rcosd and y =rsind,
we have

3
(x> +y?)2 = x* - y°. (2 marks)
X2y
b) Sketch the graph of the ellipse Ky +E =1, and determine its foci.
(5 marks)

Solution The x —intercepts are (+3,0).
The y —intercepts are (0,+4).
So the major axis is vertical.

Take a=4,b=3, (1 mark)
c=+vaZ-b%=416-9=47.
The foci are  (0,++/7). (2 marks)

(2 marks)



8 a) Find the solution of the initial value problem

3_3; =1-y?, y(0) =1. (6 marks)
Solution Separate the variables and integrate both sides,
j dy > = jdx, (1 mark)
1-y
sinty=x+C, (2 marks)

Substituting x =0 and y =1 into the general solution,
we have sin?(1)=0+C =C, thatis C=7/2. (2 marks)

. . . T
The solution is sin ly:x+5 , or

y =sin(x+%). (1 mark)

b) In a certain culture of bacteria, the number of bacteria increased tenfold
in 10 h. Assuming natural growth, how long did it take for their number
to double? (5 marks)

Solution Let P(t) be the numbers of bacteria at time t (in hours).

Assuming natural growth, the population of the bacteria is

P(t) = Pe"“. (2 marks)
When t =10 h, P(10) = P,e“** =10P,. So,
e =10, k _Ini0 (1 mark)
In10,
P(t)=Pe 0 .
10, 10,
If P(t)=Pe® =2P,thene®® =2, (1 mark)
So t= 10In2 (h). (1 mark)

~ In10



2
9 Given f(x):x 1,
X

a) Find the domain and x —intercepts. (2 marks)
Solution The domainis x=0. (1 mark)
2 —_—
Let f(x):X 1:O,We get x =+1. (1 mark)

X —intercepts are (1,0) and (-1,0).

b) Find all asymptotes. (3 marks)
2 N
Solution Because lim f(x)= lim X1 —00,
x—0" x—0" X
2 —_—
lim £(x)= lim X =2 oo,
Xx—0" x—>0" X
x =0 is a vertical asymptote. (2 marks)
2 J—
Because f(x) = X1 x—E (or by long division)
X X
So y=x is aslant asymptote. (1 mark)

c) Determine the intervals on which the function is increasing or decreasing.

Find the local maximum and minimum, if they exist. (4 marks)
2 J—
Solution f'(x)= (X 1)': (x—l)':1+i2. (1 mark)
X X X

The critical number is x =0 ,because f'(0) does not exist.(1 mark)

Interval | (-©,0) | 0 | (0,+)
K -1 1
f'(k) + +
f'(x) + +
f(x) / /!
So, f isincreasing on both (—o,0) and (0,+x). (1 mark)

f has neither a local maximum nor a local minimum. (1 mark)

10



d) Determine the intervals on which the function is concave upward or
downward. Find the inflection points, if they exist. (3 marks)

Solution  "(x) =[f '(x)]' = (1+ =)' =—=
X X

Interval (—0,0) 0 | (0,+00)
k -1 1
f"(k) + —
f"(x) + —
f(x) U N

So, f is concave upward on (—,0),
f is concave downward on (0,+x).
f has no inflection points.

( f " change the sign from the left side of x =0 to the right side,
but f is not continuous at x=0.)

e) Sketch the graph. (3 marks)

11



10 a) If g(x) is continuous (but not differentiable) at x=0, g(0) =8, and

f(x)=x-9(x), find f'(0). (4 marks)
Solution 1 (0) = lim O+ hr)]‘ 10)_ lim f(h); 1)
_imP-g(h) _
‘ﬁ'ﬂ% h _rlmlg(])g(h)_& (4 marks)

b) Let | be any tangent to the curve: X+ \/V =k , show that the sum of

X — intercept and y —intercept of I is k . (5 marks)
Solution Let (a,b) any fixed point on the curve v/x ++/y =k .
Ja++b=vk.

In order to find the slope of the tangent line, we have to find y'.
By implicit differentiation, we have

. : 1 N 1
(\/;+\/§)—(\/E)’ 2Jx 2\/§y 0.
Jy Vb

SO yl:_ﬁ’ yl|(a,b):_ﬁ'

The equation of the tangent line to the curve at (a,b) is

Jb
—b=-——(x-a). 2 marks
y JE( ) ( )
Let x =0, we get the y —intercept: v, =b++/ab,
y =0, we get the x—intercept: X, =a++/ab. (2 marks)

Finally, we have
X, +Y, —a++ab+b++ab=a+2ab+b
=(Ja++b)? =K. (1 mark)

12



Inverse Trigonometric Functions

Function Domain Range
sin™ x -1<x<1 —rml2<y<nxl2
cos " X -1<x<1 O<y<~z
tan~" x —00 < X < 400 —wl2<y<nl2
cot ™ X —00 < X < 400 O<y<rm
sec™ x |x[>1 0<y<nxl/2,

wl2<y<rx
csc ' x | x[>1 —rl2<y<0,
O<y<xz/2

Some Derivative Formulas

1 on 1 EIRY 1
(sec™ x) |x|m’|X|>1’ (csc™ x) |x|m’|X|>1’
(sinh x)'=cosh x, (cosh x)'=sinhx,
(tanh x)' = sech’ x, (coth x)' = —csch® x,
(sech x)'=—sech xtanh x, (csch x)'=—csch xcoth x.

Hyperbolic Functions Identities

cosh? x —sinh? x =1,

1—tanh? x =sech? x, coth? x —1=csch? X,
sinh(x + y) =sinh xcosh y + cosh xsinh y,

cosh(x + y) = cosh xcosh y +sinh xsinh y,

sinh 2x = 2sinh xcosh X, cosh 2x = cosh? x +sinh? x,

coshzx:%(cosh 2X+1), sinhzx:%(coshZX—l).

13



