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1.
(@) [2 marks] What is meant by saying that L is the limit of f(x) as x approaches a ?

[f(x) is defined for all x in some neighbourhood of a except possibly at a itself, and f(x) can be

made as close to L as desired by choosing x sufficiently close to a.]

(b) [2 marks] What is meant by saying that the function f(x) is continuous at x = a ?
[lim, ., f(x) and f(a) are both defined, and lim, ,, f(x) = f(a)]
(c) [2 marks] State two properties that a continuous function f(x) can have, either of which
guarantees the function is not differentiable at x = a. Draw an example of each.
[Any two of: a corner at x = a, a vertical tangent line at x = a, and a cusp at x = a.]

(d) [2 marks] State Newton’s iterative formula that gives a sequence of approximations
X9 X X,,... t0 @ solution of f(x) = 0, assuming that xo is given.

_y —f%)
[Xn+1 - Xn f.(xn)]

(e) [2 marks] Draw a labelled diagram showing an example of a function f (x) for which
Newton’s iterative formula fails to find a solution of f (x)=0. Mark on your diagram

Xo, X1 and Xo.



2. Evaluate the following limits (if they exist). Show all your working.

(@) [3marks] lim, , f(x), where 2x—1< f(x) < x* for all x in the interval (0, 2).

x—1
[1, using Squeeze Law.]

5x’ —3x° +1

b) [3 marks] lim - -
( ) [ ] X—>—o0 2X7+6X6_3

[limit of rational functions]

(x—8)x+2)

(c) [3marks] lim, ‘ 8|
X_

[does not exist]

(d) [3marks] lim _ . (sinx)(Insinx)
[0.0

L . i Insinr . Cos X . .
C04509.004: lim (sinr)ilnsinr) = lim = lim - = lim (—sinx) =0.
r—0t r—0t  CSCT r—0t —eser cotx slnr  z—ot

(e) [3marks] lim

[°. Should state “using continuity” in solution when switching In and lim.

(x +sinx)¥*

X —> 0

) . . In{r+4=inz) i 1+ cosx
In ( lim (= + 51111*;11’2) = lim METAmE _ lim o =1,
A I T F— sln T

and therefore lim (x + sin r]lf‘r =% =1.
T

() [Bmarks] lim . (x+sinx)""

[0”: not an indeterminate form. As x — 0", x +sinx — 0 through positive values and
1/x—o0.]



3. The following questions involve derivatives.

(@) [2 marks] Evaluate D, cos™(cosh(e™®)), without simplifying your answer.

(b) [5 marks] Use logarithmic differentiation to find y'(u) as a function of u alone, where

y(b) :( U+Du+2)

13
] , without simplifying your answer.

(U*+)U*+2)
[
: . 71/3
03KOM D54 Civen: o — | ETE+2) |77
CO350M.054: Given: y = [(r9+1j(r9+2j . Then
1 r \ r @ \ P \
1ny=§[111Lr+ 1)+ Infz +2) —In(x +1,|—111p:'+'2)];
1 dy 1 1 n 1 2r 2x _
y dr 3\z+1 =42 2241 2242)°
dy () 6 — 8r — 0r? — 82% — O0pt — 22%
iz 3D+ + 2 +2)
]
. dx 36 _
(c) [5marks] Solve the initial value problem — =——+——, x(2) = 1.
dt (4t-7)
-3
Xt)=——=+4
[X(0) = 7y +4]

2
(d) [5marks] Let x =2sint+1 and y = 2t* —3 define a parametric curve. Find % asa
X

function of t, without simplifying your answer.

2

[Not too many marks for finding Z—Zfromd—y]
X

dx
4. The equation &’ + y(x—2) = x* —8 defines y implicitly as a function of x near a point (3, 0).
(@) [4 marks] Determine the value of y' at this point.

(b) [4 marks] Use a linear approximation to estimate the value of y when x = 2.98.



5.

Let f(x) = X22X 1 be defined for all x = +1. You can make use of the following facts:
—2(x*+1)
f'(X)=——-~
° (X) (XZ _1)2
4x(3+ x?)
f'(x)=——==.
° (X) (XZ _1)2

Showing all your work, determine for the graph of y = f(x):

(@)
(b)

(©)
(d)

()

(f)

(9)
(h)

[1 mark] The (X, y) co-ordinates of all intercepts.

[4 marks] All asymptotes. For each vertical asymptote, if any, determine the behaviour
of f(x) as x approaches the vertical asymptote from the left and from the right.

[1 mark] The (x, y) co-ordinates of all critical points, if any.

[2 marks] The intervals on which f is increasing and the intervals on which f is
decreasing.

[1 mark] The classification of each critical point, if any, as a minimum or maximum,
local or global, or not an extremum.

[2 marks] The intervals on which f is concave up and the intervals on which f is
concave down.

[1 mark] The (X, y) co-ordinates of all inflection points, if any.

[3 marks] Sketch the graph using all the above information and label all relevant points

and lines.

-6

-4 = 2 4
-10
-20



6. [8 marks] Each rectangular page of a book must contain 30 cm? of printed text, and each
page must have 2 cm margins at top and bottom, and a 1 cm margin at each side. What is the
minimum possible area of such a page?

C04504.040: If the print width is r and its height is y (in inches), then the page area is A = (z+2){y+4).
We are to minimize A given ry = 30. Because y = 30/,

60
A=A(z)=4r + 38 + 7’ r =0,

G0

o1

Al(z) =4 —

A'{x) = 0 when » = /15, But A'(z) > 0 for = > /15 whereas A'(z) < 0 for 0 < » < /15. Therefore
1 = /15 vields the global minimmm value of A(x), which is 38 + 8,15, approximately 68.98 square inches.

7. Let C be the curve y = (x— 1) and let L be the line 3y + x = 0.

(@) [5 marks] Find the equation of all lines that are tangent to C and are simultaneously
perpendicular to L.

(b) [3 marks] Draw a labelled diagram showing the curve C, the line L, and the line(s) of
your solution to part (a). For each line of your solution, mark on the diagram the point
where it is tangent to C and (without necessarily calculating the co-ordinates) the point
where it is perpendicular to L.

[Points of tangency (0, -1) and (2, 1), linesy +1=3x and y—-1=3(x - 2).
Diagram should mark right angle where solution lines intersect L.

0.5 ¢

-1 1 2 3

-1




8. [8 marks] A helicopter takes off from a point 80 m away from an observer located on the
ground, and rises vertically at 2 m/s. At what rate is the elevation angle of the observer’s line
of sight to the helicopter changing when the helicopter is 60 m above the ground?

[2/125 rad/s: use related rates or take arctan and differentiate directly.]
9. [8 marks] Sketch the curve whose polar equation is r = -1+ 2cosé , indicating any

symmetries. Mark on your sketch the polar co-ordinates of all points where the curve
intersects the polar axis.

1.5

Symmetric about polar axis (x-axis).

Intersects polar axis at

(-1, 0) (equivalently (1, 7))

(0, £ 7~ /3): OK to have only one of these since it’s the same point
(-3, 7) (equivalently (3, 0))

]



