Math 151 Final 2008

(1) [Marks: 4] Use the limit laws to find the following limits or explain why they don’t

exist
. V3z -3 \'3’1’ +3 0 34-9
(a) lim ¥ x = — ——
=% 3=z )
G *3 [2-x] (3% *3)
2 (%-3) .
a DU
[3-x1 {5 13)
: - 3 (23 o2
_ o= 2 Sy o
¥=3 3&4(&_“‘@/‘ §
3(%-3) 2 _ 4
%>3" x-3 /\/fﬁﬂ) s ‘

) Jim, wian () fam  w0e0 . L'ps
2 2 af 2 N
() | 5% ()%
s, STONSHL X

Yo ("/x‘)

- iz (5

Page 2 of 19


Administrator
Typewritten Text
Math 151 Final 2008


@ Jim 207 y= 22
Goy= In2+ v dnv
b Goye 2+ fm Sl

x-)o+ *®>0t
0: v,
LH (3
b EE, T2
— 7 Tk
&_ Zy

S fu Sy < I2r0
— Lj—»e'a‘zz(?) Ve

i 2In(tanz) o
@ ‘Lm% 3sin(4z) ) ,
. = sin % -
L'H ) to et

o
%
S
*
n
B
EN
x

Page 3 of 19

= ‘2’)(% -0



(2) Marks:\] Find the derivatives of the following functions.
(a) fl@)=1-3+2°

f= AN

(b) g(2) = yfarctan(vz) 1 "
9= Yz YT
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(3) [Marks: W Below is the graph of f'(z), the derivative of a function f(z). Above it
sketch the graph of f(z). (Did you read this question carefully?)
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(4) [Marks: W (a) Here is a graph of a function f(z) along with an interval of length 2

centred at the point f(a) = L. Sketch an interval I around a such that if z € I then
|f(z) - L] <<
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(b) Use the precise £ — § method to prove that
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(5) [Marks: % Find values of the constants a and b so that the following function is
differentiable everywhere.

az? + br z<1
f“’"{(zfzuz r31
AMNFELA Y

Tlustrate your answer by sketching the resulting £(z).
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(6) [Marks: ¥ (a) State the Mean Value Theorem. Make a sketch illustrating the theorem.
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(b) Use the Mean Value Theorem to prove that the equation 2z* + = 3 has at most
two solutions. )
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(7) [Marks: X Find the slant asymptote of the function f(z) = 5z +2 — v0a® + 2+ 1 as

z — +00 (only this one limit).
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(8) [Marks: ¥, Make a sketch of the graph of f(z) = 775

below. Here are the first and second derivatives of f(z);

) —462+160
BT

by following the steps

(a) What is the domain of f(z)?
' x+-5

(a) Find the critical points of f(«) and classify them using the first derivative test.

Pa-lnae X = 8 §' change Lrom -ve

/ 4o +vE => S

wit ool oo

(b) Find regions where f(r) is increasing or decreasing.

15 ~ .65
F'>O; 245, X7 5
n 15
= ;110; ’S‘y‘E
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(¢) Find any asymptotes. Be sure to determine how the graph of f(z) approaches the
asymptote.

e e x=-5;
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(d) Find any points of inflection and determine regions where the graph is concave up
or concave down. e (5%
% R ~ IGO/ ~ 3.5 746/
f'=0 , %= 4:[ ) £ n +do
C: #4-s,-5<%< 4C of ¢=5 b

cp: x> % NoTQPoTIJ-(/“

() Use this information to make a sketch of £(x) below.

Page 12 of 19

Y
it

M




(9) [Marks: | Consider the curve defined implicity by the equation y? = 2 + 32%.

(a) Find two points on the curve where the tangent line is horizontal s

S’; ZYy'= 3¢+ €x

" - y's 3xT+bx 3x (222)
Ty 2y

/=0; ><=o(—"2§
- gz e+ 36) s e
= (wo ,Dsmd-' (_Z'Z), (’Z"z)

(b) Find a point on the curve, but not the origin (0,0), where the tangent line is
vertical. s .o
wod = P @ 4=0 ; X 3=

¥ (w3)= 0

\(-3,0)

>

(b) Ts the curve concave up or concave down at the point (1,2)?
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(10) [Marks: W] A video camera on the ground is following a rocket that has been launched
100 metres away. The rocket is following a straight line that is inclined 60° from the
horizontal at a speed of 120 metres per second (sce diagram below)
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Find an expression that would tell you how quickly (in radians per second) the angle 0 of
elevation of the camera is changing 2 minutes after launch. Do not ealculate this number:
only provide the formula that would allow you to do so. You must also show how all
quantities appearing in your formula would be calculated. You may need (some of)

these identities;
a b ¢ =
S 2 caA v 2be (sinA) A’
aa'-bb'+ bleca A |
a0'-bb'+ beca A
be sin A, B

L _ (.60-10 .
toa A= &~ Tloor 60120 .;{A» to'( )

4 . 4 A= T ka6
RS f il

\
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Vo bre dh o 2h = ol vk = b= T
4'=60, |'= J3-60
d= 100+ 60:120
L= {3:60-1z0

(the next page is blank if you need it for your solution)
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(11) [Marks: 4] Find the absolute maximum and absolute minimum values of f(z)

+ ok i 2. -»x:ﬂvf

22— Inz on the interval [1, 2].
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(12) [Marks: 4] A closed box with a square base is to be built. The cost of the material
for the 4 sides is $20 per square metre and the cost of the material for the top and

bottom is $50 per square metre,
If you have $100 to spend for material to build the box, what is the maximum volume

=00

of box that you can build?
(ot = 20(4,‘7) + 50(2)(‘)
- y= 5- B5x*
4x
Bare: X'y = 5, g5, _ 2y (1-x?)
2=k %
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(13) [Marks: ¥] Make a sketch that shows that the graphs of tanz and z* + 1 intersect
at some positive c-value. Then find an approximation to this value by the following
methods;

| o

(a) Use the bisection method beginning with the interval [0, 1.5] to find an interval of
length less than 0.5 that contains a solution.

2 £01= fomrn - %71 k
foy=-l , F(8)>0  / mnedin [o,08) 2
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q ==
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|
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(b) Apply Newton’s method for one iteration starting with your approximation in
part (a). (If you didn’t get (a), use 1 as a starting point.)

, §'z seex - 3x7

= 13125

X4 $(1.3725) — . 524

= 1321 = ——— = (305

X 7( 13125) 10,158
= lL26l ,

!
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(14) [Marks: 4| Consider functions (1) and y(t) given below;

N- 1

161 \ - 4 T T  § T
\\ s
w=? & ~
Q_'T'wi

(b) Using the graphs of z(t) and y/
at), find a point on the parametric cu

(not any formula for 2(¢),y(t) you may guess
urve where the tangent line has slope 2. (Hint:
Remember the formula for dy/dz.) Explain your reasoning by referring to the graphs.

Ay 2 =2 2l y'~ 2% o same t
dx X (U, éfcfe yri) ~ 25{?9 X/&.'}’
{4 — (20~ (-18,-12)
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(15) [Marks: 4] (a) Make a sketch of the polar curve r = cos (2t + % — 1. Besure to
indicate directions which determine special features of the graph, the size of the graph,

and any points where the curve crosses the = and y axis.
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