Gravity Waves with Topography . . .
... and Possibly Without?

> stratified, rotating & hydrostatic flow
> revisiting Queney’s flow over a mesoscale ridge

> balance, waves & applied mathematics
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Queney’s Displacement Streamlines

Flow over a 2D Mesoscale Ridge

> Queney 1947, 1948; Smith 1979; Gill 1982

> vertical displacement from buoyancy anomaly b(x, 2)
1
z2(x) = 2%° — N2 b(x, z°°)
> rotating & hydrostatic case: parameters
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Displacements Recomputed
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Comparison

Missing Features in Queney 1947

>

windward maxima of upward displacement (low level) *
— as in non-rotating case

organized downdraft into downslope windstorm *

convergence of (low level) streamlines in lee *

— as consistent with pressure drag in non-rotating case
persistence of low level waves downstream

— as in surface analysis of (Pierrehumbert 1984)

upward mean vertical displacement of far-field waves *

— as in QG theory

A Tale of Two Fourier Calculations

>

>

Queney’s calculation based on stationary-phase approximation
— problematic at surface, summit & ridge zenith

direct numerical quadrature of Fourier integral

— singularly-oscillating integrand gives aliasing errors

— we resolve using desingularized quadrature



Queney’s Linear Theory (1947)

Rotating Case

> Fourier integral for buoyancy anomaly

N2 00 . .
b(z,z) = —— Real A\ ethe gim(k)z %W
0

0
> bell-shaped & Fourier transform
HL? —|k|L
> inertial wavenumber (k) & Scorer parameter (ks)
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incident wind U, f-plane Coriolis, stratification N

> 2D linear dispersion relation with rotation
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\

small &k — vertical decay; large kK — outgoing waves



Desingularization |

Singular Exponent

> vertical wavenumber m (k) — oo, as k — kT

f

>  Queney's trigonometric coordinates

™
—kysing  for —5 <6 <0 (decay)

5& sec@ for

> amplitude of integrand — 0, as 8 — 0t

Singular Integrand ...
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Desingularization |l

Numerical Errors
> FFT-based quadratures produce false periodicity

> aliasing errors — upstream wavy artifacts & downstream interference

> evaluate singular £,-integrals using exponential integral, Fi(x)
/2
En = \ ethszescl g cos6 dO
0

Desingularized Integrand ...

0.5F

real part
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> analogous problem as § — 7 /2 for large R(Smith 82)



Steepest Descent Approximation

Queney’s Streamlines: Numerical Quadrature
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Singular Asymptotic Approach

> complex-analytic method
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Displacement Streamlines: Steepest Descent
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> decay of wave amplitude in zenith (no e-folding height)

wave amplitude o GNNVH\Q exp AIQ qNIw\wNH\wW

>  surface-scattered wave below B-line



ther Fields

> desingularized quadratures for vertical motion
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3D Topography

Flow Past a Circular Gaussian Mountain (R

> 3D linear dispersion relation
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> same desingularization integrals apply
2D gaussian ridge 3D gaussian mountain
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Waves & the Rossby Number

Flow Over Topography

> QG theory: cap vortex only
> Queney theory: R-transition from QG to waves

>  pressure drag as indicator of wave generation (2D ridge)

drag ~ W mIH\qN

pressure drag
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> transition-like exponential increase in wave action




Wave Generation

A General Mechanism

> lessons from weak topography:
— wind moving past vertical motion produces a gravity wave wake

— waves are exponentially small when R small

Wave Generation by a Balanced Flow?

> QG dynamics induce vertical motion via omega equation

> question: wave generation as finite-R correction to QG flow?

> experiment: gravity wave wake from a moving sQG dipole

sQG dipole: surface streamlines & potential temperature vertical motion (z=0.2)

y-axis
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Quasigeostrophy & Vertical Motion

Rotating, Stratified Flow

> zero Rossby number limit of primitive equations (PE)

> geostrophy: representation of all variables by a potential ¢

vo= Pz
—u = ¢y
% — %N
> quasigeostrophy: PV dynamics & inversion
Dq 2
— =0 ; \V4 = BCs
D ¢ =g (+BGCs)

—

> omega equation: vertical motion from QQ-vector
Viw=V. Q (+ BCs)

> gravity waves purged by single time-derivative construction

sQG Dipole

>  zero interior PV (g = 0), surface 8 dynamics

> steady, translating vortex pair solution
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Beyond Quasigeostrophy

Three-Potential Representation

>

>

exact reformulation of PE for finite Rossby number (QG™)

winds & vertical motion

u G —-®, —F;
v = —V X —F = + &,
Rw > + F
potential temperature
G
P
PV dynamics
Dq

Dt

HQﬁ+§QH+dQ@+\\N\SQNHO

three inversions

Vie = qg + R AAea — Uy) 0, — v,0, + Q&m@v

e n(-(2) ()
wo - = (-(2) ()

plus boundary conditions . .

|QN
+ Gy
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A Model for Wave Generation

F', G Correction Potentials

> small, but finite Rossby number (R =~ 0.4)

> diagnostic F', G-equations with incident wind U~

V?F + aA% + U Wv (Gaw — Foy + Gzz) ~ Q°
V3G + ﬁAW + U™ Wv (Gay — Fyy — Fzz) ~ QY
ot Ox
> surface BCs (z = 0):
Fr +Gy=Rw : Gy —Fy=20

Coupling Equations for Quantifying Wave Generation

> above equations represent a hybrid model containing:
— linear gravity waves
— Queney’'s topographic wake
— omega equation for QG vertical motion

> generation of gravity waves by balanced motions

2R J(®,, Ps)

2R J(D,, By)
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In Closing

Topographic Waves at Small Rossby Number

> desingularized quadrature

>  extension to 3D

Gravity Wave Generation at Moderate Rossby Number

—

> forcing of interior Queney problem by Q-vector

dipole Q-vectors (z=0.2)
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