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CODACON Ultraviolet Spectrum Detector
(George Lawrence, LASP, Colorado, 1993)

Challenge: Extremely low flux
∼ 2 photons per angstrom per cm2 per second.



Week Date Sections 
from FS2009

Part/ References Topic/Sections Notes/Speaker

1 Sept 7 I.1, I.2, I.3 Combinatorial 
Structures
FS: Part A.1, A.2
Comtet74
Handout #1
(self study)

Symbolic methods

2 14 I.4, I.5, I.6 Unlabelled structures

3 21 II.1, II.2, II.3 Labelled structures I

4 28 II.4, II.5, II.6 Labelled structures II

5 Oct 5 III.1, III.2 Combinatorial 
parameters
FS A.III
(self-study)

Combinatorial 
Parameters Asst #1 Due

6 12 IV.1, IV.2 Multivariable GFs

7 19 IV.3, IV.4 Analytic Methods
FS: Part B: IV, V, VI 
Appendix B4
Stanley 99: Ch. 6
Handout #1
(self-study)

Complex Analysis

8 26
IV.5 V.1

Singularity Analysis

9 Nov 2 Asymptotic methods Asst #2 Due

10
9 VI.1 Sophie

12 A.3/ C

Random Structures 
and Limit Laws
FS: Part C
(rotating 
presentations)

Introduction to Prob. Mariolys

11
18 IX.1 Limit Laws and Comb Marni

20 IX.2 Discrete Limit Laws Sophie

12
23 IX.3 Combinatorial 

instances of discrete Mariolys

25 IX.4 Continuous Limit Laws Marni

13 30 IX.5 Quasi-Powers and 
Gaussian limit laws Sophie

14 Dec 10 Presentations Asst #3 Due

Dr. Marni MISHNA, Department of Mathematics, SIMON FRASER UNIVERSITY
Version of: 11-Dec-09

 

f acul ty of  sc ience   MATH 895-4 Fall 2010
depar tment of  mathemat ics  Course  Schedule

Specialization 4: Minimum run-length problem

Detector Schematic

−−

10  electrons
6

+

Photon

Diffraction

Grating
Multi−channel Plate

Gray code

Mask

Charge
Distribution

Mean position

0 1 0 1 1 0

10 bit tracks, 1024 detectable UV frequencies



Week Date Sections 
from FS2009

Part/ References Topic/Sections Notes/Speaker

1 Sept 7 I.1, I.2, I.3 Combinatorial 
Structures
FS: Part A.1, A.2
Comtet74
Handout #1
(self study)

Symbolic methods

2 14 I.4, I.5, I.6 Unlabelled structures

3 21 II.1, II.2, II.3 Labelled structures I

4 28 II.4, II.5, II.6 Labelled structures II

5 Oct 5 III.1, III.2 Combinatorial 
parameters
FS A.III
(self-study)

Combinatorial 
Parameters Asst #1 Due

6 12 IV.1, IV.2 Multivariable GFs

7 19 IV.3, IV.4 Analytic Methods
FS: Part B: IV, V, VI 
Appendix B4
Stanley 99: Ch. 6
Handout #1
(self-study)

Complex Analysis

8 26
IV.5 V.1

Singularity Analysis

9 Nov 2 Asymptotic methods Asst #2 Due

10
9 VI.1 Sophie

12 A.3/ C

Random Structures 
and Limit Laws
FS: Part C
(rotating 
presentations)

Introduction to Prob. Mariolys

11
18 IX.1 Limit Laws and Comb Marni

20 IX.2 Discrete Limit Laws Sophie

12
23 IX.3 Combinatorial 

instances of discrete Mariolys

25 IX.4 Continuous Limit Laws Marni

13 30 IX.5 Quasi-Powers and 
Gaussian limit laws Sophie

14 Dec 10 Presentations Asst #3 Due

Dr. Marni MISHNA, Department of Mathematics, SIMON FRASER UNIVERSITY
Version of: 11-Dec-09

 

f acul ty of  sc ience   MATH 895-4 Fall 2010
depar tment of  mathemat ics  Course  Schedule

Specialization 4: Minimum run-length problem

Determining the mean position of 106 electrons
(105 electrons per bit track)
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Specialization 4: Minimum run-length problem

Critical property:

If a bit changes (0 7→ 1 or 1 7→ 0), then it must not change again
for as long as possible.

Definition

Minimum run length:

mrl(C ) = minimum length of a run of 0’s or 1’s
(among all bit tracks in a Gray code C ).

mrl(n) = max{mrl(C ) |C is an n-bit binary Gray code}
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Proposition

If n ≥ 3, then mrl(n) ≤ n − 1.

Proof.

mrl(C ) ≤ average run length(C ) = n2n/2n = n.

If mrl(C ) = n, then |C | ≤ 2n < 2n.

C =

0 0 0 0
1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1
0 1 1 1
0 0 1 1
0 0 0 1
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Theorem (Goddyn, Gvozdjak 2003)

mrl(n) ≥ n − b2.0001 lg nc

Proof.

Basis: By computer,
n 1 2 3 4 5 6 7

mrl(n) 1 2 2 2 4 4 5
.

C5 = [14251435241524351425143524152435]

=



0 0 0 0 0
1 0 0 0 0
1 0 0 1 0
1 1 0 1 0
1 1 0 1 1
0 1 0 1 1
0 1 0 0 1
0 1 1 0 1

. . .
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Specialization 4: Minimum run-length problem

Theorem (Goddyn, Gvozdjak 2003)

mrl(n) ≥ n − b2.0001 lg nc

Proof.

Basis: By computer,
n 1 2 3 4 5 6 7

mrl(n) 1 2 2 2 4 4 5
.

Recurrence relation on Qa+b = Qa × Qb:

If (a− 1)(2a − 2a− 6) ≤ 2b, then
mrl(a + b) ≥ 2 min{a− 1,mrl(b)}.
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Specialization 4: Minimum run-length problem

Theorem (Goddyn, Gvozdjak 2003)

mrl(n) ≥ n − b2.0001 lg nc

Proof.

Basis: By computer,
n 1 2 3 4 5 6 7

mrl(n) 1 2 2 2 4 4 5
.

Recurrence relation on Qa+b = Qa × Qb:

If (a− 1)(2a − 2a− 6) ≤ 2b, then
mrl(a + b) ≥ 2 min{a− 1,mrl(b)}.

[Merge a “stream” of walks in Qa with an optimal Gray code
in Qb by careful interleaving.]
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Specialization 4: Minimum run-length problem

Theorem (Goddyn, Gvozdjak 2003)

mrl(n) ≥ n − b2.0001 lg nc

Proof.

Basis: By computer,
n 1 2 3 4 5 6 7

mrl(n) 1 2 2 2 4 4 5
.

Recurrence relation on Qa+b = Qa × Qb:

If (a− 1)(2a − 2a− 6) ≤ 2b, then
mrl(a + b) ≥ 2 min{a− 1,mrl(b)}.

Solve the recurrence.
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Specialization 4: Minimum run-length problem

30--------+---------+---------+---------+---------+---------+-/-------+---------
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Specialization 4: Minimum run-length problem
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Upper bounds on n −mrl(n) versus n
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Specialization 4: Minimum run-length problem

10-bit Gray code with Minimum Run Length 8

CODACON Template: 250% improvement on resolution.
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MRL Application: Neural Net Visualization

Local distance preserving

C = v0v1 . . . v2n−1 mrl(C ) = m

|i − j | ≤ m =⇒ d(vi , vj) = |i − j |
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MRL Open Problem:

Find the longest path in Qn having minimum run length n − 1.

n 1 2 3 4 5 6 7 8

L(n) 1 4 6 13 32 49 113 ≥ 223

Does L(n)
2n −→ 1?

Explain mysterious symmetries in optimal solutions.
All 6-bit paths (and cycles) of MRL 5 and of length 49:

Type A
       !   !! !!!  ! !!!! !! !!!! !  !!! !!   !      11
      !!   !! !!!  ! !!!! !! !!!! !  !!! !!   !!     22
     !!!   !! !!!  ! !!!! !! !!!! !  !!! !!   !!!    33

       !   !! !!!  ! !!!! !! !!!! !  !!! !!   !!     12
      !!   !! !!!  ! !!!! !! !!!! !  !!! !!   !      21

       !   !! !!!  ! !!!! !! !!!! !  !!! !!   !!!    13
     !!!   !! !!!  ! !!!! !! !!!! !  !!! !!   !      31

      !!   !! !!!  ! !!!! !! !!!! !  !!! !!   !!!    23
     !!!   !! !!!  ! !!!! !! !!!! !  !!! !!   !!     32

Type B
     !!    ! !!!! !! !!!! !! !!!! !! !!!! !    !!    11
     !!!   !  !!! !! !!!! !! !!!! !! !!!  !   !!!    22
      !    ! !!!! !! !!!! !! !!!! !! !!!! !    !     33
      !!   !  !!! !! !!!! !! !!!! !! !!!  !   !!     44
     !! !  ! !!!! !! !!!! !! !!!! !! !!!! !  ! !!    55

     !!    ! !!!! !! !!!! !! !!!! !! !!!  !   !!!    12
     !!!   !  !!! !! !!!! !! !!!! !! !!!! !    !!    21

     !!    ! !!!! !! !!!! !! !!!! !! !!!! !    !     13
      !    ! !!!! !! !!!! !! !!!! !! !!!! !    !!    31

     !!    ! !!!! !! !!!! !! !!!! !! !!!  !   !!     14
      !!   !  !!! !! !!!! !! !!!! !! !!!! !    !!    41

     !!    ! !!!! !! !!!! !! !!!! !! !!!! !  ! !!    15
     !! !  ! !!!! !! !!!! !! !!!! !! !!!! !    !!    51

     !!    ! !!!! !! !!!! !! !!!! !! !!!! !  ! !     16
      ! !  ! !!!! !! !!!! !! !!!! !! !!!! !    !!    61

     !!!   !  !!! !! !!!! !! !!!! !! !!!! !    !     23
      !    ! !!!! !! !!!! !! !!!! !! !!!  !   !!!    32

     !!!   !  !!! !! !!!! !! !!!! !! !!!  !   !!     24
      !!   !  !!! !! !!!! !! !!!! !! !!!  !   !!!    42

     !!!   !  !!! !! !!!! !! !!!! !! !!!! !  ! !!    25
     !! !  ! !!!! !! !!!! !! !!!! !! !!!  !   !!!    52
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Conclusions/Questions

Many more applications require specialized Gray codes.

statistical design
algorithm design
hardware design
neural networks
communication encoding
efficient search and generation in big data

Computer searches:

Explain/exploit apparent symmetries in optimal Gray codes.
Find general constructions (linear time count, Beckett codes).

Find optimal minimal change orders for other mathematical
objects: permutations, partitions, colourings, rooted trees,. . .


